
This article was downloaded by: [Pontificia Universidad Javeria]
On: 23 August 2011, At: 18:14
Publisher: Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House,
37-41 Mortimer Street, London W1T 3JH, UK

Critical Reviews in Analytical Chemistry
Publication details, including instructions for authors and subscription information:
http://www.tandfonline.com/loi/batc20

Fitting Straight Lines with Replicated Observations by
Linear Regression. IV. Transforming Data
Agustin G. Asuero a & Julia Martin Bueno b
a Department of Analytical Chemistry, Faculty of Pharmacy, The University of Seville,
Seville, Spain
b Department of Analytical Chemistry, Higher Polytechnic School, The University of Seville,
Seville, Spain

Available online: 13 Feb 2011

To cite this article: Agustin G. Asuero & Julia Martin Bueno (2011): Fitting Straight Lines with Replicated Observations by
Linear Regression. IV. Transforming Data, Critical Reviews in Analytical Chemistry, 41:1, 36-69

To link to this article:  http://dx.doi.org/10.1080/10408347.2010.523589

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/terms-and-conditions

This article may be used for research, teaching and private study purposes. Any substantial or systematic
reproduction, re-distribution, re-selling, loan, sub-licensing, systematic supply or distribution in any form to
anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any representation that the contents
will be complete or accurate or up to date. The accuracy of any instructions, formulae and drug doses should
be independently verified with primary sources. The publisher shall not be liable for any loss, actions, claims,
proceedings, demand or costs or damages whatsoever or howsoever caused arising directly or indirectly in
connection with or arising out of the use of this material.

http://www.tandfonline.com/loi/batc20
http://dx.doi.org/10.1080/10408347.2010.523589
http://www.tandfonline.com/page/terms-and-conditions


Critical Reviews in Analytical Chemistry, 41:36–69, 2011
Copyright c© Taylor and Francis Group, LLC
ISSN: 1040-8347 print / 1547-6510 online
DOI: 10.1080/10408347.2010.523589

Fitting Straight Lines with Replicated Observations by
Linear Regression. IV. Transforming Data

Agustin G. Asuero1 and Julia Martin Bueno2

1Department of Analytical Chemistry, Faculty of Pharmacy, The University of Seville, Seville, Spain
2Department of Analytical Chemistry, Higher Polytechnic School, The University of Seville, Seville, Spain

By transforming variables it is possible to introduce non-linear terms to the mathematical
framework of linear regression. The purpose of this article is to stress the importance of
transforming data in the context of linear regression analysis. However, often problems arise
when people unfamiliar with mathematical statistics attempt to put this theory into practice
for a certain application. Reasons for making transformations, probability plots and normality,
transformations to simplify relationships, and weighting transformation data are covered in this
paper. Special attention has also been paid to the Box-Cox method, i.e., transformation based
on sample data observations, which is very easy to apply in practice despite its mathematical
background. Statistical measurements are also re-expressed after data transformation, and
a number of applications concerning the use of transformation and variance stabilization in
analytical chemistry are given in tabular form. The analytical, pharmaceutical, biochemical,
and clinical literature has been thoroughly revised. Variance analysis and applications on fitting
straight lines with replicated observations by linear regression will be the subject of the later
paper of the series.

INTRODUCTION
The importance of least squares methods (Meites, 1979;

de Levie, 2000; Sayago et al., 2004; Lavagnini and Magno,
2007; Asuero and Gonzalez, 1989), nonhomogeneous variance
(Sayago and Asuero, 2004; Herrador et al., 1987), weights
(Tellinghuisen, 2007; Asuero and Gonzalez, 2007), correlation
coefficient (Asuero et al., 2006), random error propagation law
(Asuero et al., 1988), accuracy and recovery (Gonzalez et al.,
1999), uncertainty (Gonzalez et al., 2005), and other topics in
chemometrics (Esteban et al., 2006; Norman and Maeder, 2006)
has been stressed properly in the literature. To extend the range
of problems where linear models may be applied, it is useful to
restore the linear structure which does not seem to apply to the
raw data.

However much the analyst may wish that nature’s mold be
linear, the simple truth is often found in curves (Acton, 1959).
Real world systems may fail to satisfy the necessary conditions
required (Natrella, 1963) for the strict or even approximate va-
lidity of otherwise appropriate methods of analysis. In such
situations, a transformation (change of scale) may be applied to
the raw data (Mandel, 1976) in order to properly perform a con-
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ventional analysis. Any mathematical function that is applied
to every point in a data set is called a transformation. Never-
theless, at a time when the number of statistical books on most
subjects seems to be grown rapidly (Meier and Zünd, 2000; Gra-
ham, 1993; Miller and Miller, 2005; Einax et al., 1997; Mullins,
2003; Haswell, 1992), there are few statistical and chemometric
analytical books dealing with transformations (Atkinson, 1985;
Carroll and Rupper, 1988; Meloun et al., 1992; Draper and
Smith, 1998; Rawlings et al., 1998) in enough detail.

Although it might be expected that the best way to estimate
coefficients of a non-linear equation is to employ directly a
non-linear-regression program, the statistical basis is not al-
together solid and the mathematical computation is tedious
(Mager, 1991): i) different final solutions may be obtained de-
pending on the quality of the starting values and the type of
internal structure of the data; ii) it is difficult to discriminate
between rival models; iii) while linear regression is robust to
departures from homoscedasticity, non-linear regression is rel-
atively sensitive; iv) non-linear regression may itself produce a
substantially functionally generated multi-collinearity, which is
the major reason that estimates are not robust. Most approaches
to non-linear regression assume that asymptotic theory can be
applied. Unfortunately, the number of observations of real ex-
periments is too small, so that the use of asymptotic estimates
may cause some trouble (Mager, 1991).
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FITTING STRAIGHT LINES WITH REPLICATED OBSERVATIONS 37

There are some advantages in employing mathematical trans-
formations on empirical data. They can successfully be applied
to stabilize variances (to achieve homocedasticity), to get an ap-
proximate normality, a more robust model, additivity, and test
approximately the type of model. (Meloun et al., 1992; Draper
and Smith, 1998; Weisberg, 2005). A first stage to consider in
any particular problem is whether data transformations might be
necessary and useful; we could carry out a number of graphical
examinations of the data (Lavagnini and Magno, 2007; Her-
rader et al., 1987; Barnet, 2004) or numerical-data screening
activities to investigate whether the key assumptions (linearity
of relationship, independence, constancy of residual variance,
and normally distributed errors or residuals) are separately or
jointly reasonable for the study at hand, and whether there might
be anomalous observations in the form of outliers (Weisberg,
2005; Belloto and Sokolovski, 1985).

Often, informal plots of the data will clearly reveal the need
of transformation of an obvious kind (such as ln x or 1/y). In
those situations, the more formal analysis may be viewed as a
useful check procedure to hold in reserve (Draper and Smith,
1998). Two empirical rules are often helpful (Weisberg, 2005)
in this context: the log rule and the range rule. If the value
of a variable range over more than one order of magnitude
and the variable is strictly positive, then replacing the variable
by its logarithm is likely to be helpful. If, on the other hand,
the range of a variable is considerably less than one order of
magnitude, then any transformation of that variable is unlikely
to be helpful. Thus, the effect of the transformation is greater the
greater the ratio of ymax/ymin considered; the effect of a power
transformation Y = yα is greater the more α differs from unity
(Box and Draper, 1987).

Although linear regression is, by definition, a process of lin-
ear modelling, it is possible to introduce non-linear terms to
the linear mathematical framework by transforming variables
(Asuero and Gonzalez, 1989; Sayago and Asuero, 2004; Draper
and Smith, 1998). When a non-linear function may be trans-
formed into a linear one, it is said to be intrinsically linear
(Sayago et al., 2004; Asuero and Gonzalez, 1987; Bates and
Watts, 2007). Functions which cannot be so transformed are
called intrinsically non-linear instead, i.e. a single model of the
form y = α + eβ x . Many non-linear models in the parameters
can be linearized, re-expressed as a linear function of the pa-
rameters by appropriate transformations (Rawlings et al., 1998;
Wang et al., 1992; Tomassone et al., 1983). For example, the
relationship

y = α xb [1]

is linearized by taking the logarithm of both sides of the equality
giving

ln y = ln α + β ln x [2]

Scientists who study the relationships between attributes of indi-
viduals or species call it an allometric model (Tomassone et al.,
1983; Warton et al., 2006), and the value of β plays an important

roll in allometric studies. The non-linear relationship between y

and x is represented by the linear relationship between y ′ = ln y

and x ′ = ln x. In the previous example, transformations of both
the response and the predictor are required to get a linear mean
function. In other problems, transformation of only one variable
may be desirable.

A linear transformation of y, say Y = (y − k0)/k1 where
the k’s are constants, is in fact a rescaling and relocation of the
graduating function, and has no effect on usual normality and
distribution assumptions (Box and Draper, 1987). When refer-
ring to transformation, we mean actually changing the shape
of the distribution by stretching the scale in some places and
compressing it in others. This cannot be accomplished simply
by adding or subtracting a constant from each data value. This
would simply shift the distribution without changing its shape.
Transformation also cannot be accomplished by simply multi-
plying or dividing each data value by a constant; this would only
change the scale of the data, again without changing the actual
shape of the distribution.

The most common transformations involve the use of log-
arithms (i.e., plotting y against ln x, or ln y against ln x) and
exponentials (Tomassone et al., 1983; Daniel and Wood, 1980;
EPA, 2000). Less commonly used transformations include re-
ciprocals, square roots, and trigonometric functions. Two or
more of these functions are sometimes used in combination,
especially in calibration programs supplied with commercial
analytical instruments (Bysouth and Tyson, 1986).

Non-linear transformations such as the square root, log, and
reciprocal of some necessarily positive response y have the ef-
fect of expanding the scale at one part of the range and contract-
ing it at another (Box and Draper, 1987). These are all examples
of simple powder transformations characterized by Y = yα , as
indicated above. If α is less than unity they have the effect of
contracting the range at high values and may be called con-
tractive transformations. Power transformations with α greater
than unity have the reverse effect and may be called expansive.
Contractive transformation of the kind

√
y, log y, 1/

√
y, 1/y are

most often needed in practical problems (Box and Draper, 1987).
If we have no prior information as to which transformation

should be used, we have to resort to trial and error. The transfor-
mation that yields the best straight line when the accumulative
frequency of the transformed variable is plotted on the normal
probability paper is considered most suitable. The statistical
tests, comparisons, confidence limits, etc., may be applied to the
transformed data, and the results thus obtained may be trans-
formed, if desired, back to the original curvilinear scale (Acton,
1959; Meloun et al., 1992). Finally, transformations may not
prove to be adequate for this purpose and we may have to reject
all thought of a linear model, and proceed instead to consider a
range of alternative non-linear models.

REASONS FOR MAKING TRANSFORMATIONS
Two approaches for handling non-uniform variance are trans-

for1mation of the dependent variable and use of weighted least
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38 A. G. ASUERO AND J. M. BUENO

squares (Asuero and Gonzalez, 1989; Sayago and Asuero, 2004;
Gad, 1999); the former is probably the most common. In sum-
mary, non-normality, non-uniform variance, and to simplify the
relationship between the dependent variables (response) and
the independent variable(s) are the three basic reasons for trans-
forming variables in regression (Meloun et al., 2000; Hoyle,
1973; Zorn et al., 1997; Mosteller and Youtz, 1961). However,
it is unreasonable to expect that, for any type of data, there
will always be a transformation so that normality of distribu-
tion, constancy of error variable, and simplicity (linearity) of
the model structure may be achieved. The starting point of the
study is, of course, the linearization of the model; this is a simple
assumption that shows advantages (Tomassone et al., 1983). As
a matter of fact, if the nature of the subject under study is well
known is possible to establish a linear relationship by making a
convenient transformation on either one of the x or y variables,
or even both of them. We emphasize, however, that not all useful
transformations will correspond to interpretable physical mod-
els. The important question posed is whether a fitted curve is an
artifact or is based on an underlying mechanism for biological
or physicochemical reasons.

A second assumption is the homogeneity (uniformity or ho-
mocedasticity) of y variances. When there is a theoretical or
probabilistic reason to determine an optimal transformation, the
examination of residuals of a previous model may help guide
the choice of transformation (Sayago and Asuero, 2004; Draper
and Smith, 1998; Tomassone, 1983). The variance may be re-
lated to the mean value of y (or to the value of the indepen-
dent variable x) and then will not be a constant. In this case
it is non-homogeneous (non-uniform or heterocedastic) and a
transformation may be useful in order to be stabilized (Sayago
and Asuero, 2004; Gad, 1999). The log-transformation strongly
changes the distributions of errors and the originally homocedas-
tic observation vector according to, i.e., the Arrhenius equation
becomes strongly heterocedastic (Klicka and Kubácek, 1997).
However, Sundberg (1998) argues theoretically for the appro-
priateness of using ordinary least squares on log-transformed
data on parameter estimation in the Arrhenius equation. Usu-
ally, the same transformation which stabilizes the variance led to
a normalization of the variable distribution. In short according
to Brownlee (1984) “this is one case where usually we can both
have our cake and eat it.”

A transformation on the dependent variable to simplify a non-
linear relationship will destroy both homogeneous variances and
normality if these assumptions were met with the original de-
pendent variable (Natrella, 1963). Or, a transformation to stabi-
lize variance may cause non-normality. Fortunately, as indicated
above, transformation for homogeneity of variance and normal-
ity tend to go hand-in-hand so that often both assumptions are
more nearly satisfied after an appropriate transformation. If one
must make a choice, stabilizing variance is usually given prece-
dence over improving normality. In any case, “the gods who
favor statisticians have frequently ordained that the world be
well behaved, and so we often find that a transformation to

obtain one of these desiderata in fact achieves them all (well,
almost achieves them!)”(Acton, 1959).

PROBABILITY PLOTS AND NORMALITY
An easy way to graphically check for normality would be to

construct a plot with all data points lying on a straight line if the
sample were drawn from a normal distribution N (µ, σ 2): i.e.,
a scatter plot of the ordered sample values y1 ≤ y2 ≤ . . . ≤ yn

(arranged in ascending order) versus z1 ≤ z2 ≤ . . . ≤ zn where
zi is given by zi = F−1(pi), i = 1, 2, . . . , n (i denotes the
ranking or order number), and pi is a reasonable empirical
estimate of the cumulative distribution function F [(yi − µ)/σ ].

If a set of data is normally distributed with N (µ, σ 2), the
area from −∞ to some point y is given by the corresponding
cumulative density function (Brownlee, 1984)

F (y) =
∫ y

−∞
f (y) dy

=
∫ y

−∞

1

σ
√

2π
exp

(
−1

2

(
y − µ

σ

)2
)

dy [3]

A plot of 100 F (y) versus yi(i = 1, 2, . . . , n) called the cu-
mulative probability curve is approximately S-shaped (Fig. 1).
It begins at (−∞, 0) and passes through points such as
(µ − 1.96 σ, 2.5), (µ − σ, 15.87), (µ, 50), (µ + σ, 84.13),
(µ + 1.96 σ, 97.5), and (∞, 100) and in general through the
points (µ + zσ, F (µ + zσ )) where z is called the normal
score (Box and Draper, 1987). Now, to determine whether the

FIG. 1. Graph of the standard normal cumulative distribution
function on cartesian and probability scales, showing how F (y)
is transformed to a straight line via scaling.
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FITTING STRAIGHT LINES WITH REPLICATED OBSERVATIONS 39

observations are normally distributed, we can check whether
the empirical cumulative distribution function resembles the
S-shaped curve that we expect from a normal distribution. A
course of such shape is not convenient to use and it is preferable
to rectify it. This is achieved by the use of probability paper.
The probability graphics was described for the first time by P.
Henry in 1894 (Phillippe, 1967), and rediscovered later in 1914
by Hazen (1914).

It is usually difficult for us to recognize non-linear patterns
and a curve of such, shape is not convenient to use (Mage, 1982).
The human eye is much better at recognizing linear tendencies.
However, plotting 100 F (y) versus y on normal probability pa-
per straightens out (du Toit et al., 1986) the S-shaped curve. So,
normal probability paper is specially prepared paper in which
one of the scales (the vertical) represents a linearization of the
cumulative normal distribution (Fig. 1). The resulting scale is
non-linear with graduations bunched in the middle and increas-
ing in each direction. Since the normal distribution is symmet-
rical, the spacing is symmetrical about the ordinate of 50%.

A variety of probability papers are available from private
companies such as Kenffel & Esser Co. (reference 46-8003),
Technical and Engineering Aids for Management (TEAM) Co.
(reference 3211), Codex 3227, or Dietzgen 340-PS-90. Personal
computers can make these plots using commercial software sta-
tistical programs. The plotting is facilitated if probability paper
corresponding to F [(yi − µ)/σ ] is available, but such paper is
by no means essential. The use of probability paper is unneces-
sary when the expected values of the order statistics are directly
available.

Cumulative frequencies are obtained by adding for each class
frequencies up to that point, divided by the total number of
data in the data tests. For mathematical reasons (Barnett, 1975),
the data quantile (standardized normal scores) order zi of each
ranked data value is defined slightly differently from the data
cumulative frequencyi/n. If normal probability paper is avail-
able, zi values can be plotted against the yi where zi is usually
chosen from (Mage, 1982; du Toit et al., 1986; Barnett, 1975)
the following possibility

i/(n + 1)

(i − 0.5)/n

(i − 0.3)/(n + 0.4)

(i − 0.375)/(n + 0.25)

(i − 0.33)/(n + 0.33)

If the unit area under the normal curve is divided into n equal
sections it can be expected that if normality holds, one ob-
servation from the total of n observations will fall in each
section. For zi = (i − 0.5)/n (Graham, 1993; Taylor, 1990)
this consequently means that yi is plotted against the midpoint
(i − 0.5)/n of the accumulative area of the ith section. The
factor 100 adapts this to the vertical scale given in normal prob-
ability paper. It will be noted in particular that the simple choice

(i − 0.5)/n which results in some bias performs quite well,
whereas pi = (i − 3/8)/(n + 1/4) (Ryan et al., 1985; Mandel,
1964) leads to a practically unbiased estimator of σ . The ISO
rules select this later (International Organization of Standards,
1997). BMDP uses pi = (i − 0.33)/(n + 0.33) in the 5-D pro-
gram (Chatterjee and Hadi, 1988). Interestingly, each of the
different definitions can be justified on different theoretical
grounds. The differences between these different systems are
typically unimportant in practical use.

If the normality assumption holds, this scatter plot should
also be an approximate straight line. The (rough) estimate of the
mean µ is simply the abscissa value associated with F (y) = 50.
The difference F (y)84.13 − F (y)50 is an (rough) estimate of
σ , which also may be estimated as 2/5[F (y)90 − F (y)10]. The
graphical representation is sensitive in detecting such features
as differences in symmetry (or asymmetry), length of tails, and
the existence of outliers.

The ordered values are random variables and are not indepen-
dent since they have been ranked and satisfy the constraintsy1 ≤
y2 ≤ . . . ≤ yn; the mere act of ordering the data destroys
their statistical independence (Feinberg, 1996). Therefore, if
one point is above the line there is a good chance that the next
one will be above the line. Hence, the plotted points will not
be randomly scattered about the line. There could be significant
runs above and below the line even though the data came from
a normal population. On the other hand the variances of the
extreme points are much higher than the points in the middle
of the plot and when drawing a line through the data the center
points should be given more weight than the extremes. Thus, one
major drawback of the probability plotting technique is its lack
of objectivity. It is relatively easy to reject an assumed model
which is quite disparate from the data, but it is more difficult
to make a decision for borderline cases. So, the plot may be
supplemented with an objective procedure which allows one to
specify a Type I error and to assess the risk involved in rejecting
the model erroneously (Bayne and Rubin, 1986; Shapiro, 1990;
Kateman and Buidens, 1993).

The normal probability plot of the data will work reasonably
well if the sets are not too small (Taylor, 1990), that is to say
for more than 10 points, and ideally for a much larger number
of points. The advantages inherent on the use of probability
plots have been outlined by Filliben (1975). Probability plots,
however, are incapable of distinguishing (Filliben, 1977) likely
alternative error distributions unless n ≥ 50 (Filliben, 1977);
moderate outliers may easily be missed if n ≤ 20. The prob-
lem is compounded because the most commonly used methods
for testing assumptions and estimating parameters (and their
uncertainty) rely in turn on normality and absence of bad data.

Examining the residuals may also check the assumption of
normality and it will be more likely to be appropriate (Bates and
Watts, 2007) if the order of experiments is randomized. Proba-
bility plots are usually constructed in computers by plotting the
ordered observations against the expected values of the order
statistics for a random sample of the same size from the specified
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40 A. G. ASUERO AND J. M. BUENO

distribution of interest (often normal). The vertical axis is often
converted to a normal score, that is, the normal deviate value that
would correspond to the plotted probability level. Such linear
plots are sometimes called theoretical quantile-quantile plots as
they essentially plot the observed quantiles (the ranked data)
against theoretical quantiles.

The pth quantile (or the percentile) is defined to be the value
of x below which p % of the sample value lies. The pth quan-
tile separates the order statistics into two parts so that each
contains the required percent of the sample elements, p % and
(100 − p)%. If possible, graphical displays such as box plots
and normal quantile plots should be supplemented with more
objective statistical procedures when an assumption of normal-
ity is being investigated (Kateman and Buidens, 1993).

MOMENTS OF A RANDOM VARIABLE: SKEWNESS
AND KURTOSIS

The most commonly used measures of skewness and kurtosis
are based upon moments about the mean. The term “moment”
originates in mechanics and is used to denote a measure of the
tendency of a force to cause rotation of an object about a center
point. For samples less than 20 in size (n ≤ 20), the hypoth-
esis about the form of distribution may be tested (Aknazarova
and Kafarov, 1982) by simple tests based on a comparison of
population distribution parameters with their estimates formed
from sample values. We shall use (Table 1) the notation µj to
denote the j th moment about the origin (raw moment) and mj

to denote the j th moment about the mean, µ, in the following
for probability models.

Important measures of skewness and kurtosis (from the Greek
word kyrtos, meaning curved) in a population are the third and
fourth moments about the mean (central moments), i.e., the aver-

TABLE 1
Moments of a Random Variable for Probability Models

Discrete with values {yi} and
probability pi

Continuous with probability
function f (x)

µj = ∑
(yi − µ)jpi µj = ∫∞

−∞ (y − a)j f (x)dx

Raw moment, µ = 0 Central moments (a =
mean): in terms of the raw
moments

µ1 = E(y): arithmetic mean

E(y) =
n∑

i=1
yipi

E(y) = ∫∞
−∞ y f (y) dy

µ1 = 0
µ2 = α2 − α2

1
µ3, skewness:
µ3 = α3 − 3α1α2 + 2α2

1
µ4, peakedness or kurtosis:
µ4 =

α4 − 4α1α3 + 6α2
1α2 − 3α4

1

M
O

D
E

M
E

D
IA

N

M
E

A
N

F(y)

y

b

caF(y)

y

FIG. 2. Top: the coefficient of skewness indicates the direction
of the preponderant tail of a distribution. A) right-skewed

√
β1 >

0 ; b) symmetrical
√

β1 = 0 ; c) left-skewed
√

β1 < 0 . Bottom:
typical locations of the mode, median, and mean for a right
skewed probability distribution.

age values of (y − µ)3 and (y − µ)4over the whole population.
To render these measures scale invariant they are divided by σ 3

and σ 4, respectively (σ is the standard deviation). The coeffi-
cient of skewness, γ1, is a measure (Meloun and Militki, 1995)
of the symmetry of the distribution of a random variable with
respect to the mean

γ1 = E (y − µ)3

σ 3
= m3

σ 3
= m3

m
3/2
2

=
√

β1 [4]

It is a pure number that characterizes only the shape of the dis-
tribution. For a unimodal (those with a single hump) symmetric
distribution, i.e., the normal one, γ1 is given equal to zero. A
negative value is due to skewness toward lower (left-skewed)
values and mode > median > mean, while a positive value
(right-skewed) indicates excess higher values (Groeneveld and
Meeden, 1997) and mean > median > mode (Fig. 2). In a sym-
metrical population, mean, median, and mode coincide.

It is, thus, natural to take distance from mean to mode or
mean to median as measuring the skewness of the distribution.
K. Pearson (Havilcek and Crain, 1988) proposed for measure:
(mean – mode)/σ . However, the skewness value may be zero
for non-symmetrical distributions, so care must be exercised in
interpreting its value. If skewness is to be changed into symme-
try, then it will be necessary to distort the scale differently in the
two tails of the distribution. A transformation will be required to
be capable of doing this (Natrella, 1963; Mandel, 1976; Meloun
et al., 1992; Box and Draper, 1987; Gad, 1999).
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FIG. 3. Frequency distribution of different shapes.

The coefficient of kurtosis is the standardized fourth moment

γ2 = E (y − µ)4

σ 4
= m4

σ 4
= m4

m2
2

= β2 [5]

and is more difficult (Havilcek and Crain, 1988; Moors, 1986;
Chissan, 1970) to interpret. It is a statistical measure of the
concentration of the distribution around the mean. The resulting
distribution is leptokurtic (peak at the center) if the majority
of the values cluster around the center, i.e., the Laplace (double
exponentially) and logistic distributions, which are termed super
gaussian, and platykurtic (platy means flat in Greek) if the values
lend to scatter away from the center (Fig. 3), i.e., continuous
or discrete uniform distributions and Bernoulli distributions,
termed subgaussians. The normal distribution (γ2 = 3) is the
reference point for determining kurtosis and is referred to as
being mesokurtic. A few other well known distributions can be
mesokurtic, depending on parameter values, i.e., the binomial
distribution is mesokurtic for p = 1/2 ± √

1/12 (where p is
proportion).

Although kurtosis has been used as a measure (Darlington,
1970; Horn, 1983) of peakedness (the relation of its height
to its width), due to its vague definition, it may be as though
another quantity that characterizes a distribution without neces-
sarily giving it a geometric interpretation. Peakedness is more
difficult to determine from inspection because this characteris-
tic may result from the choice of dimensions for the vertical
and horizontal scales (Havilcek and Crain, 1988). Ruppert has
quoted (Ruppert, 1987) that “there is no agreement on what
kurtosis measures.”

For observed data we denote the moments about the ori-
gin and about the mean by the following general relationships,

respectively

ȳj = 1

n

n∑
i=1

y
j

i [6]

sj = 1

n

n∑
i=1

(yi − ȳ)j [7]

and then taking into account the properties of expectation
(Brownlee, 1984); the estimates g1 and g2 of the coefficients
of skewness and kurtosis obtained from Eqs. [4] and [5], re-
spectively, which are dimensionless, are given by

g1 =
√

n
∑

(yi − ȳ)3[∑
(yi − ȳ)3

]3/2 =
√

b1 = s3

s1.5
2

= ȳ3 − 3ȳ ȳ2 + 2ȳ3(
ȳ2 − ȳ2

)3/2 [8]

g2 = n
∑

(yi − ȳ)4[∑
(yi − ȳ)2

]2 = b2 = s4

s2
2

= ȳ4 − 4ȳ ȳ3 + 6 ȳ2ȳ2 − 3ȳ4(
ȳ2 − ȳ2

)2 [9]

(note that s, the estimated standard deviation, is here defined
with the denominator n and not with “n − 1”). The right hand
expressions of Eqs. [8] and [9] express the result in terms of
the moments about the origin and have an important compu-
tational advantage: one can proceed through a list of observa-
tions without first calculating the mean. Thus, these expres-
sions often are called “one pass” formulas (Ott, 1995) and
often are useful in certain computer programs and in hand
calculations.
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42 A. G. ASUERO AND J. M. BUENO

TABLE 2
Limits for the Skewness Factor, g1, in the Case of a Normal

Distribution (Taylor, 1990)

Probability level

Size of simple (n) 5 % 1 %

5 –1.058 to 1.058 –1.397 to 1.397
10 – 0.950 to 0.959 – 1.342 to 1.342
15 –0.802 to 0.802 – 1.275 to 1.275
20 –0.777 to 0.777 – .152 to 1.152
25 –0.711 to 0.711 – 1.061 to 1.061

Since s3 and s4 are developed (Eqs. [8] and [9]) from the cube
and the fourth power, respectively, of the difference between
each observation and the mean, a single unusual observation
(i.e., an outlier) can exert considerable influence on both esti-
mates. Consequently, the statistics g1 and g2 are very sensitive to
occasional extreme values found among the observations; they
are not considered (Press et al., 1999; Rousseew, 1991) as robust
statistics.

For small data sets, one often gets values of g1 and g2 dif-
ferent from 0 and 3, respectively. Statistical tests are avail-
able to help judge the significance of any observed departure.
Transgression of these bounds would indicate a non-normal
distribution at the probability level of the test. Tables 2 and 3
contain percentiles for the tails of the distribution of the stan-
dardized third and fourth moments for tests for departure from
normality (Sachs, 1982) for several sizes of samples. Although
a passed test for skewness and kurtosis doesn’t necessarily
prove that the distribution is normal, a failed test obviously
indicates that normal statistics should be applied with care
(Rice, 1988).

The distributions of the above estimates are very com-
plicated and little investigated. The respective asymptotic
variances, however, are well known (Aknazarova and Kafarov,

1982; Meloun and Militki, 1995)

s2
g1

≈ 6 (n − 2)

(n + 1) (n + 3)
[10]

s2
g2

≈ 24n (n − 2) (n − 3)

(n + 1)2 (n + 3) (n + 5)
[11]

If we know s2
g1

and s2
g2

, we can readily check if the estimated
coefficients of skewness and excess differ significantly from
zero and three, respectively. If

|g1| ≤ 3 sg1 [12]

|g2| ≤ 5 sg2 [13]

the empirical distribution may be taken (Aknazarova and Ka-
farov, 1982) as being normal.

For great samples (n > 50), g1 and g2 are approximately
normally distributed with standard errors of

√
6/n and

√
24/n,

as we may easily derive by taking limits in Eqs. [10] and [11],
respectively.

Measures of skewness and kurtosis provide quantitative de-
scriptions of non-normal variations and are helpful in determin-
ing whether a distribution departs too much from normality to
be analyzed by standard parametric methods. Other more reli-
able tests for normality are summarized in Table 4 (Bayne and
Rubin, 1986; Kateman and Buildens, 1993; Aknazarova and
Kafarov, 1982; Sachs, 1982). All of these methods (Kateman
and Buidens, 1993) are based on cumulative distribution func-
tions except the Shapiro-Wilk method (Shapiro and Wilk, 1965),
which is recommended by several authors since this test shows
the best (Royston, 1995; Royston, 1982) overall power. A test
for combined sample skewness and kurtosis is available:

C1 = g2
1

s2
g1

+ (g2 − 3)2

s2
g2

[14]

For a normal distribution, the test criterion C1 has approximately
the χ2

1−α; the null hypothesis about normality of the sample may
test against disturb statistical testing (Chambers et al., 1983;
Jarque and Bera, 1987). In this test, the super-normality effect

TABLE 3
Lower and Upper Percentiles of the Standardized 3rd and 4th Moments,

√
β1 and β2, for Test for Departure from Normality

(Darlington, 1970)

Skewness
√

β1 Kurtosis, β2

Upper percentiles Lower percentiles Upper percentiles

Size of sample n 10 % 5 % 1 % 1 % 5 % 10 % 10 % 5 % 1 %

7 0.787 1.008 1.432 1.25 1.41 1.53 3.20 3.55 4.23
10 0.722 0.950 1.397 1.39 1.56 1.68 3.53 3.95 5.00
15 0.648 0.862 1.275 1.55 1.72 1.84 3.62 4.13 5.20

Since the sampling distribution of
√

β1 is symmetrical about zero, the same values, with negative sign, correspond to the lower percentiles
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FITTING STRAIGHT LINES WITH REPLICATED OBSERVATIONS 43

TABLE 4
Principal Methods for Normality Testing

Skewness (index)
Chi-square
Lilliefords
Kolmogorov D+ (Kolmogorov one-sample statistics)
Kolmogorov D (modified Kolmogorov, En)
Kuiper
Cramer-von Mises (Cramer-Smirnov)
Watson
Anderson-Darling
Shapiro-Wilk

(symmetric distribution with positive kurtosis) of small samples
may disturb against statistical testing.

Compared with the problem of non-constant variance,
chemists have paid less attention (Phillips and Eyring, 1983) to
the normality assumption underlying the least squares method.

TRANSFORMATIONS TO SIMPLIFY RELATIONSHIPS
The majority of the published work on transformation is

concerned with transforming the y’s to achieve simplicity when
the necessary assumptions could not otherwise be realistically
made (Box and Tidwell, 1962; Draper and Hunter, 1969). Many
recommend that simplifying the relationship should take prece-
dence over all. This in fact depends both on the intrinsic value
and the general acceptance of the non-linear relationship being
considered. If a transformed model is meaningful and is readily
interpreted, a transformation to linearize the model would not
be wise if it creates heterogeneous variance or non-normality
(Natrella, 1963). A basic rule of science says that, all the other
things being equal, the simplest model that describes the ob-
served behavior of the system should be adopted (Sayago and
Asuero, 2004; Rawlings et al., 1998).

Two situations dealing with transformations to simplify re-
lationships may be mainly envisaged (Draper and Smith, 1998;
Rawlings et al., 1998). When there is no prior idea of the model
fitting to the data, the objective is to empirically establish math-
ematical forms of the dependence between the variables in order
that the observed relationship may be represented in the simplest
form, i.e., a straight line. Note that the model is to be linear in
the parameters (Lavagnini and Magno, 2007); only the form in
which the variables are expressed is being considered.

If a previous knowledge of the system, however, suggests a
non-linear mathematical function, non-linear in the parameters,
for relating the dependent variable to the independent one (s),
the purpose of the transformation is to re-express the non-linear
model in a form that is linear in the parameters and for which
ordinary least squares can be used. Such linearization of non-
linear models is not always possible but when it is possible the
transformation to be used is dictated by the functional form of
the model.

Unequal error 
variaces 

Transformation of 
y  (*) 

Constant error 
variance 

Transformation of x
(**) 

y
log x

x

log y
2

exp

x

x

1
y

1

exp ( )

x

x−

FIG. 4. Prototype regression patterns with unequal error vari-
ances and simple transformations of y and prototype non-linear
regression patterns with constant variance and simple transfor-
mations of x; (*) a simultaneous transformation on x may also
be helpful or necessary. (**) Linearize the regression relation
without affecting the distribution of y.

Transformations for symmetry is carried out by a simple
power transformation (which does not retain the scale, is not al-
ways continuous, and is suitable only for positive values) (Gad,
1999). The power family of transformations x∗ = xk or y∗ = yk ,
referred to as the “one bend” transformations (Rawlings et al.,
1998), provides a useful set of transformations for “straighten-
ing” a single bend in the relationship between two variables.
Note that it can be used on either x or y (Fig. 4) (Neter et al.,
1996). By ordering the transformations according to the expo-
nent k we obtain a sequence of power transformations, named by
Mosteller and Tukey (Tukey, 1977; Mosteler and Tukey, 1977)
ladder of reexpressions (Table 5). The power k = 1 implies no
transformation whereas the power transformation k = 0 is re-
interpreted as the logarithmic transformation as we will show
later.

Figure 4-left contains some relations where the skewness
and the error variance increase with the mean response, with
some simple transformations on y that may be helpful (Neter
et al., 1996). When the distribution of the error is close to the
normal one with constant variance, transformation of x should
be attempted as exemplified in Fig. 4-right (Neter et al., 1996).
A transformation of y in this case would change the normal
distribution of the error term leading also to heterocedasticity
(differing error term variances). Scatter plots and residual plots
based on each transformation should then be prepared and ana-
lyzed to decide which transformation is most effective.

The rule for straightening a one bend relationship is to move
up or down the ladder of transformations according to the direc-
tion in which the bulge of the curve of y versus xpoints. How
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44 A. G. ASUERO AND J. M. BUENO

TABLE 5
Tukey’s Ladder of Transformations (for choosing a function to

change a distributions’s shape)

k exponent
Need to Strength of Mathematical value
correct transformation function y∗ = yk

Positive skew Stronger − 1

y2
−2

Mild − 1

y
−1

“ ln y 0

“
√

y 1/
2

No shape
change

— y 1

Negative skew Mild y2 2
“ y3 3
Stronger exp y

far one moves on the ladder of transformations depends on the
sharpness of the curvature (Rawlings et al., 1998). When only
one independent variable is involved, this is easily determined
by trying several transformations on a few observations cover-
ing the range of the data and then choosing that transformation
which makes the points most nearly collinear.

The transformations y3, y2,
√

y, ln y, −1/
√

y, and −1/y are
among those often used, where y denotes an observed value of
the response variable (Tukey, 1957). The first two shorten the
tail of a left-skewed distribution and the last four shorten the
tail of a right-skewed distribution. Using -1 in the numerators of
the last two transformations preserves the order of the y values.
The ln y and

√
y transformations are often used to correct non-

normality (Fig. 5). If any of the sample values are negative, a
positive constant of sufficient size may be added to each sample
value before the transformation is applied. If some of the original
values are zero, it is customary to add a small quantity to make
the data value non-zero as the logarithm of zero does not exist.
The size of the small quantity depends on the magnitude of
non-zero data and the consequences of potentially erroneous
inference from the resulting transformed data. As a working
point, a value of one tenth the smallest non-zero value could be
selected (EPA, 2000).

Logarithms to any base can be used, but common logarithms
(to the base 10) are generally the easiest. These logarithms
differ only by a constant factor r , and so only the scale of
the numbers involved is affected, not the basic nature of the
subsequent analysis. It should be noted that the square root
transformation overcorrects when very small values and zero
appear in the original data. In these cases,

√
x + 1 is often used

as a transformation (Gad, 1999).
Very large data values are made much smaller, in applying

the square root transformation, condensing and shrinking the

scale, whereas small data values are made larger, expanding the
scale for smaller values. In the case of logarithm transformation
very large data values are made much smaller, moving them
close together, while very small data values are spread a part
from each other. This is a lot like the effect of the square root,
but much stronger (Gad, 1999).

When data exhibit a few elevated values such that the fre-
quency distribution is “skewed” with a long right tail, estimates
based on the assumption of normality do not apply. In prac-
tice, transformations of data are used to stabilize variance and
bring about normality. Perhaps the most commonly used trans-
formation in this situation is (Gibbons, 1994; Aroian, 1941) the
natural log transformation, where x is a lognormal random vari-
able, such thaty = ln x ∼ N (µ, σ 2). Then, the normal-theory
procedures could be applied to the transformed data.

The log transformation is likely to work well if the ratio of the
standard deviation to the mean is similar among several groups
of observations (Altman, 1991) (constant coefficient of variation
over all possible data values). It is evident that y cannot be neg-
ative, since the logarithm of a negative number is not defined.
This fact has contributed, albeit probably in a small measure, to
the use of the lognormal distribution when a finite probability
of a negative value is physically absurd. For non-normal distri-
butions, it is common in water quality work to assume that the
log-normal distribution applies so that the logarithms of the raw
data can be used in a Gaussian likelihood (Gibbons, 1994). In
particular, it is important not to apply a transformation such as
the logarithmic form when one is not needed.

The square root transformation is less dramatic than tak-
ing logs. It is particularly used when the variables is a count
(frequency) and thus would be expected to follow a Poisson dis-
tribution (Shumway, 2002). The reciprocal transformation has a
much more drastic effect than taking logs (note that it reverses
the order of observations), and may be useful if the observed data
have an extremely skewed distribution. Their use is not common,
however, and there are certain reasons for using the log transfor-
mation in preference to any other as long as it yields satisfactory
results.

TRANSFORMATIONS TO LINEARIZE THE MODEL
Various non-linear models can be written in a linear form

through appropriate transformations. Table 6 gives a number
of non-linear models corresponding to the most usual cases
found together with the transformations for converting them
into linear ones (Tomassone et al., 1983; Daniel and Wood,
1980, du Toit et al., 1986; Bayne and Rubin, 1986; de Levie,
2004). It should be noted that the use of these transformations
is certain to accomplish one thing only, i.e., to yield a straight-
line form. The transformed data, however, will not necessarily
satisfy certain assumptions which are theoretically necessary in
order to apply the least squares method (Belloto and Sokolovski,
1985; Bates and Watts, 2007; Seber, 1977). In these examples,
the placement of the error in the original model was such that the
transformed model had an additive error. If there were reasons
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FITTING STRAIGHT LINES WITH REPLICATED OBSERVATIONS 45

TABLE 6
Non-linear Function That can be Written in a Linear Form by Means of a Transformation

Function Formula Transformation Linear form

Power function y = αxb y ′ = log y x ′ = log x y ′ = log α + β x ′

Exponential grown model y = αeβx y ′ = log y y ′ = log α + β x

Logarithmic y = α + β log x x ′ = log x y = α + β x ′

Hyperbolic y = x

αx − β
y ′ = 1/y x ′ = 1/x y ′ = α − β x ′

Logit y = eα+βx

1 + eα+βx

y ′ = log

(
y

1 − y

)
=

2 tanh−1 (2y − 1)
y ′ = α + β x

0 5 10 15
0

2

4

0 5 10 15
0

2

4

0 0.5 1.0
0
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0

5150 10
0
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y=  x
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1-x

x
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2
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0 055252-
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FIG. 5. Normalizing effect of some frequently used transformations. Left: original distributions. Right: transformed distributions.
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46 A. G. ASUERO AND J. M. BUENO

FIG. 6. Plots of linearizable curves.

to believe that the error were additive in the original models, all
would have become intrinsically non-linear (Draper and Smith,
1998). Figure 6 shows examples of linearizable functions. Quite
a few commonly occurring shapes are not linearizable; three are
shown in Fig. 7. The S-shaped curve of Fig. 7 (bottom left) may
be fitted by the so-called logistic equations (Daniel and Wood,
1980). The concentration of an intermediate compound, where
x represents time (or duration) of a chemical reaction, often
follows Fig. 7 (bottom right).

y

xx

y

x

y

α

α+β
y=α+β eγx

γ>0

y=
1

α+β-γx

y=    (e-k
1

x-e-k
2

x)
k1

k1-k2

 

FIG. 7. Plots of non-linearizable curves.

It is important to understand, however, that a transformation
of the data involves a transformation of the disturbance term,
too, which affects the assumptions on it (Box and Draper, 1987;
Bates and Watts, 2007; Seber, 1977). Thus, if we assume the
model function with an additive and normal disturbance term is
an appropriate representation of the experimental situation, then
the same assumptions will not be appropriate for the transformed
data. Hence, we should use non-linear regression on the original
data, or else weighted least squares on the transformed data.
The transformed model could then be fitted to give some initial
estimates (Meloun et al., 1992; Mager, 1991).

So we must give some thought to what is being assumed about
the error structure when we transform a response. In practice,
it is sometimes simpler to decide on a transformation, fit it,
and then examine the residuals in the metric of the transformed
variable to see if they are reasonably well-behaved (Draper and
Smith, 1998; Seber, 1977). If they are, the error specifications
in the transformed response space are assumed to be all right.

We may return to the original y-space after the model has
been fitted and evaluate the former function and make pre-
dictions, but the confidence statement will not be symmetric
about the predicted valueŷ, and the residuals are not, however,
checked; these are not the residuals that should satisfy the resid-
ual checks for normality and so on (Draper and Smith, 1998).
The least squares assumptions on the behavior of the errors apply
to the errors after transformations. Decisions as to how the er-
rors should be incorporated into the models will depend on one’s
best judgment as to how the system operates and the analysis
of the behavior of the residuals before and after transformation
(Draper and Smith, 1998; Rowlings et al., 1998; Weisberg, 2005;
Seber, 1977).

Note that relationships that show more than one bend, such
as the classical S-shaped growth curve, cannot be straightened
with the power family of transformations. A few commonly
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FITTING STRAIGHT LINES WITH REPLICATED OBSERVATIONS 47

used two-bend transformations are logit, arcsin (or angular),
and probit. The effect of the transformation in all three cases is
to “stretch” the upper and lower tails, the values of p(proportion)
near one and zero making the relationship more linear (Natrella,
1963). The logit is sometimes preferred as a mean of simplifying
a model that involves the product of probabilities. It has the
desirable property that it is increases from −∞ to ∞ as y

increases from 0 to 1.
The integrated normal or probit transformation is related to

the percentage area under the normal distribution curve from
negative infinity (probability units) and has application in ex-
ploratory graphics analysis and specialized regression mod-
elling of binary response variables (Collect, 2004; Petersen et al.,
2000; Petersen, 1999). The term probit was coined in the 1930s
by Bliss (1934) and was defined as 5 + the 1−p quantile from the
standard normal distribution where p is a proportion (Armitage
et al., 2002). The number 5 was added to ensure that the result-
ing scores were positive; the value can be taken from statistical
compilations (Finney, 1971). Nevertheless, in the major statis-
tical software packages probit are defined without the addition
of 5. As probit methodology, including numerical optimization
for fitting of probit functions, was introduced before widespread
availability of electronic computing, it was convenient to have
probits uniformly positive when using tables. Common areas of
application do not require positive probits.

The tail-stretching effect of probit is lower than that of the
angular transformation. The values for p = (0% effect) and
p = 1 (100% effect) are not defined theoretically; as a good
approximation, we use

p = 1

2v
(for p = 1) [15]

p = 2 v − 1

2 v
(for p = 0) [16]

or the so-called working probits obtained by visual fitting
(Mager, 1991); p = u/v. The procedure introduces a signif-
icant heterocedasticity in the upper and lower asymptotic curve
regions. The probit transformation arises as the logical transfor-
mation when, for example, the chance of survival of an organism
to a toxic substance is related to the dose, or ln(dose), of the
toxin through a normal probability distribution of sensitivities
(Rowlings et al., 1998). Such a so-called probit model is still
important in toxicology, as well as other fields.

The logit transformation has a similar interpretation but
here the threshold distribution is the logistic distribution. Logit
models are usually more popular than probit models because
on the one hand the exponentiated logistic coefficients may
be interpreted as odd ratios, and on the other hand there are
more diagnostic tools available in logistic regression. This later
argument, however, is circular; i.e., a chicken-egg issue, that is,
there might be more diagnostic tools because it is being used
more often (Ender).

Many of the most common transformations (such as the arc-
sin, the square root, the logarithmic, and the logistic transfor-

mations) were developed for situations in which the random
variables were expected a priori to have specific nonnormal
distributions (Draper and Smith, 1998).

If the hazard rate is double-exponentially distributed, the
extremal-value of complementary ln / ln-transformation may be
used (Mager, 1991)

y = ln (− ln (1 − p)) [17]

It is applicable also to bimodal distributions. In general, it gives
the best estimates in lndose-response assays.

Most bioassays and immunoassays have sigmoidal dose-
response relationships. The logistic function may be used to
describe such relationships if either the response range is nat-
urally limited to 0–100% or a sufficiently wide range of doses
is used so that asymptotic responses are obtained (Das and
Tydeman, 1980). This function was proposed as early as 1940
to describe a sigmoid dose-response relationship for bioassays
(Emmens, 1940) and has more recently been used to describe the
dose-response relationship for immunoassays (Rodbard, 1975;
Rodbard, 1974; Dudley et al., 1985; Gottschalk and Dunn,
2005a; Gottschalk and Dunn, 2005b; Findlay and Dillard, 2007).

However, because linear relationships are graphically and
computationally less complex, analysis of data after a lineariz-
ing transformation has often been preferred. Two basic transfor-
mations (Mateu, 1997) can be used here: logits

Logit(y) = log
y

1 − y
[18]

and foldest (square roots)

foldest root(y) = √
y −

√
1 − y [19]

Logits are the more important transformation for proportions
and percentages. Both of these transformation methods have
basically similar properties. They stretch the scale near the ends
(0 and 1) in a symmetric way around the middle value of 1/2. The
logit scale stretches farther and farther with no limits as a data
value approaches 0 or 1, whereas the foldest roots are weaker
and do no stretch indefinitely. Depending on the characteristics
of each variable, different transformations are proposed.

Data sets that come to us a group of percentages or pro-
portions are special because they are often bounded on both
sides. Percentages are often forced to be between 0 and 100%,
and proportions must be between 0 and 1. Because of this, the
methods for transforming them will be somewhat different from
the methods above (Mateu, 1997). Nonetheless, the immediate
objective will be to make the transformed data distribution as
symmetric as possible. When there are restrictive bounds, data
values often trend to concentrate near them. In order to pro-
mote symmetry in the data, a transformation should stretch the
distribution near these areas of concentration.

The literature on radio immunoassay (RIA) statistics and data
processing is large (Gottschalk and Dunn, 2005a; Gottschalk
and Dunn, 2005b; Findlay and Dillard, 2007; Mateu, 1997;
Healy, 1972). Immunoassays, unlike the traditional bioassays,
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48 A. G. ASUERO AND J. M. BUENO

is dependent on specific chemical reactions that obey the
law of mass action and that are not subject to errors intro-
duced by the biological variability of test systems (Buncher
and Tsay, 1994). Nevertheless, they are so similar in structure
that they need consideration from the viewpoint of bioassay.
RIA gives a reliable measure of drug concentration in the low
nanogram/milliliter range or below and has the ability to pro-
cess a large number of samples in a relatively short time. The
technique has been applied in virtually all areas of pre-clinical
and clinical pharmacology, including pharmacokinetics and
pharmacodinamics.

The four-parameter logistic function (Gottschalk and Dunn,
2005b; Findlay and Dillard, 2007; Healy, 1972; Buncher and
Tsay, 1994) is a very flexible model for data following a sig-
moidal shaped curve

E(y) = β2 + β1 − β2

1 + (
c
β3

)β4
[20]

where y is the bound count (B) and c is the dose. The pa-
rameter β1 is the asymptote as the concentration c → 0 for
β4 > 0, β2 is the asymptote as c → ∞, β3 is the predicted
concentration at the response halfway between the two asymp-
totes (also denoted ED50), and β4 is related to the slope at the
center of the curve (O’Connell et al., 1993). If the values of
and β1 and β2 are assumed to be known, then Eq. [15] may be
rearranged in a linearized form (O’Connell et al., 1993; Hatch
et al., 1976; Rodbard and McClean, 1977; Cernosek, Jr., and
Gutierrez-Cernosek, 1978; McDonald, 1981; Fischer and Rod-
bard, 1983; Plikaytis et al., 1991; Miller, 1991; Ritz and Streibis,
2005; Connors, 1984)

logit

(
y − β2

β1 − β2

)
= −β4 log c + β∗

3 [21]

where β∗
3 is a function of β3; β∗

3 and −β4 are the intercept and
slope of a linear regression between the logit of the normalized
or transformed response variable y and the logarithm (using
either natural or common logarithms) of dose. This is commonly
referred to as the “logit-log” method. Thus, if the values of β1

and β2, and accordingly the difference (β1 − β2) are known to be
very stable from assay to assay, then one may utilize a linearized
form of the dose/response curve (Rodbart et al., 1987; Davidian,
2002). Note that the transformation to linearity may induce
heterocedasticity in the new response (Ruppert et al., 1989), so
that unweighted regression analysis cannot be applied. Thus,
analysis in the logit scale may be inefficient. The importance of
the choice of the upper and lower limits and the effect of these
limits on the linearity of the transformed responses has been
described (Das and Tydeman, 1980; Hatch et al., 1976).

The model is applied to RIA, immunoradiometric assay
(IRMA or labelled anti-body assay), two-side IRMA, enzyme
linked immunosorbent assay (ELISA), and enzyme multiplied
immunological techniques (EMIT) (Rodbard and Frazier, 1975;
Gottschalk and Dunn, 2005a; Buncher and Tsay, 1994).

Another model for sigmoidal dose response curve is the
Weibul model (Plikaytis et al., 1991) given by the formula

f (x, (b, c, d, e)) = c + (d − c) exp {− exp {b (log (x) − e)}}
[22]

The parameters c, and d, are the lower and upper limits; as
for the four-parameter logistic model, b is the relative slope
around e and the e parameter is the logarithm of the inflexion
point. The Weibull model is not symmetric around any point.
The three-parameter Weibull model with the lower limit equal
to 0 is then

f (x, (b, d, e)) = d exp {− exp {b log (x) − e}} [23]

The frequently used logistic growth model is (Rowlings et al.,
1998)

y = α

1 + γ e−βxi
[24]

This function gives the characteristic growth curve starting at
y = α/(1 + γ ) at x = 0 and asymptoting to y = α as x gets
large. The function is intrinsically linear only if the value of α is
known, as is the case, for example, when the dependent variable
is the proportion of individuals showing reaction to a treatment.
Ifα is known, the model is linearized by defining

y∗ = ln

(
α

y
− 1

)
[25]

and the model becomes

y∗
i = γ ∗ − β xi [26]

where γ ∗ = ln γ .
Proper non-linear fitting data is often difficult, and the error

due to the bias by rectification is negligible with the random
error of the experiment, at least in most cases. The proper non-
linear and quasi-linear models are different, but in many cases,
the consequences are less dangerous than the problems from
employing non-linear regression models (Mager, 1991).

TRANSFORMATIONS TO STABILIZE VARIANCES
The first of variance heterogeneity is usually associated with

the data whose distribution is non-normal (Rios, 1977; Canavos,
1984) viz, negative binomial, Poisson, binomial, etc. (Table 7).
Data transformation is the most appropriate remedial measure
in such situations. The second kind of variance heterogeneity
usually occurs in experiments where, due to the nature of the
treatment tested, some treatments have errors that are substan-
tially higher (or lower) than others. The variance and the mean
are independent in the normal probability distribution. All other
common distributions (Table 7) have a direct link between the
mean and the variance. In practice, the nature of the dependence
between σy and ȳ may be suggested by theoretical considera-
tions or by preliminary empirical analysis, or by both (Box and
Draper, 1987). If the functional relationship between the vari-
ance and the mean is known, a transformation exists that will
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make the variance (approximately) constant. This kind of trans-
formation is usually applied when it is known that the variable
follows a probability distribution whose variance is a function
of the mean value of the distribution (Draper and Smith, 1998).
Non-uniform variance (heterogeneous variance) as well as non-
normality, are expected a priori with certain kinds of data. The
same situations that give non-normal distributions will usually
give heterogeneous variances since the variance in most non-
normal distributions is related to the mean of the distribution
(Natrella, 1963; Brownlee, 1984). This knowledge is in general
alien to the statistical analysis, i.e., the variance is equal to the
mean in the Poisson distribution. The plot of the Poisson vari-
ance against the mean would be a straight line of one slope. A
priori, one should expect variances to be heterogeneous when
the random variable is not normally distributed. Nevertheless, it
is necessary to be cautious and select a simple transformation.

Let z represent y expressed in a transformed scale defined
by

z = f (y) [27]

Then, according to the random error propagation law (Asuero
et al., 2006; Asuero et al., 1989; Gonzalez et al., 2005; Mandel,
1964; Tellinghuisen, 2000), the standard deviation of z is given
approximately by

sz =
(

df (y)

dy

)
sy [28]

If we choose the function f (y) in such a way that sz is a constant
(homocedasticity in the zscale), then (Mandel, 1964; Bartlett,
1947; Hoaglin et al., 1983)(

df (y)

dy

)
sy = k [29]

where k is independent of z. This is because a constant variance
is necessarily independent of the mean (and anything else for
that matter), and this independence property is fundamental to

TABLE 8
Transformation to Correct for Homogeneity and Approximate Normality

Data type sy = f (y) Variance stabilizing transformation

Poisson (Count)∗ y ≥ 0
√

y
√

y

Small counts (y)∗∗ √
y + 1 or

√
y + √

y + 1
Binomial (0 < y < 1)

√
y (1 − y) a sin

√
y

Negative binomial 0 ≤ y ≤ 1

√
1 − y

y

(
2 + y

3

)√
1 − y = (1 − y)

1/2 − (1 − y)
3/2

3
Variance = (mean)2 y ≥ 0 y ln y

Correlation coefficient −1 ≤ y ≤ 1
1√

1 − y2
0.5 [ln (1 + y) − ln (1 − y)]

∗ Modifications for the Poisson and binomial cases have been suggested by Natrella, 1963.
∗∗ It should be noted that the square root transformation overcorrects when very small values and zero appears in the
original data. In these cases,

√
y + 1 is often used as a transformation.

the normal density (Bates and Watts, 2007), as we have indicated
above. More generally, if the relation between measurement and
standard deviation is

sy = φy [30]

the proper transformation of scale to achieve homocedasticity
is given by the differential Eq. [5] which becomes

df (y) = K
dy

φy

[31]

which upon integration gives:

z = f (y) = k

∫
dy

φy

+ C [32]

where C is an arbitrary constant. Some well-known transforma-
tions that arise in this way are shown in Table 8. The transfor-
mations selected have an advantage: in stabilizing variance, the
transformed variable is more Gaussian. Note that some of these
are members of the power family.

For example, for “a binomial proportion H” with mean
valueθ , the variance (Brownlee, 1984) is given by

s2
H = θ (1 − θ)

n
[33]

where n is the number of observations.
Inserting this in Eq. [31]

φ (θ ) =
∫

dθ√
θ (1 − θ ) /n

= √
n

∫
dθ√

θ (1 − θ)
[34]

This integral can be evaluated by changing the variable to
t = √

θ , so that t2 = θ , so 2 t dt = dθ , and that∫
dθ√

θ (1 − θ )
=
∫

2tdt√
t2
(
1 − t2

) = 2
∫

dt√
1 − t2

= 2 arcsin t = 2 arcsin
√

θ [35]
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FITTING STRAIGHT LINES WITH REPLICATED OBSERVATIONS 51

Thus, if we use the transformation φ(H ) = 2
√

n arcsin
√

H , the
variance of θ (H ) will be 1. If we omit the factor

√
n and instead

use φ(H ) = 2 arcsin
√

H , then the variance of this transformed
variable will be 1/n.

The problem that arises when analyzing proportions (where
the data consists of proportions of widely different magnitudes)
is the lack of homogeneity of variance; the variance depends on
the magnitude of the proportion. Though methods are available
to analyze such data taking into account the disparate variance,
the calculations are relatively complicated. If the proportions to
be analyzed are approximately normally distributed (n p and
n q ≥ 5; q = 1 − p), thearcsin transformation will equalize the
variances (Acton, 1959; Bisgaard and Fuller, 1995).

Figure 8 presents a comparison of the actual values of the
variance of the transformed values and the corresponding ap-

0.02
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0
0 0.2 0.4 0.6 0.8 1

n = 20

p 

b
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10

0
0 10 20

λ

0.2

0.4
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c

b

FIG. 8. Top: The variance functions for Poisson distributed
counts when using (a) no transformations, (b) the square root of
counts, and (c) Freeman and Tukey’s modifications. The y-axes
scales on the left applies to (a) and the scale on the right applies
to (b) and (c). Bottom: The variance functions for sample size
of n = 20 for binomial distributed proportions when using (a)
no transformation, (b) the arsin square root of proportions and
(c) Tukey’s modification.

proximate values by giving Eq. [28], for four of the transforma-
tions listed in Table 7.

When using thearcsin transformation, each proportion should
be based on the same number of observations, n. If the num-
ber of observations is similar for each proportion, the analysis
using arcsines will be close to correct. However, if the number
of observations is very different for the different observed pro-
portions, the use of the transformation is not appropriate. Also,
for very small or very large proportions (less than 0.3 or greater
than 0.97), a more accurate transformation is given by Mosteller
and Youtz (1961).

The logit and the probit, although they are generally applied
to binomial data, will not stabilize the variance

If the variance is proportional to the mean, so that (Brownlee,
1984)

s2
y = k y [36]

then

φ (y) =
∫

dy√
k y

= 2√
k

√
y [37]

Thus, a square root transformation will be a constant variance.
In particular, if k = 1, as occurs with the Poisson distribution,
2
√

y will have variance 1, and
√

y will have variance 1/4
(Bayne and Rubin, 1986). Poisson data arise if we are plotting
radiation counts for a time interval, indeed, almost any number
of random events occurring in a prescribed time or space. The√

y transformation was improved by Anscombe (Tellinghuisen,
2000; Bartlett, 1947; Hoaglin et al., 1983; Bisgaard and Fuller,
1995: Anscanbe, 1948; Kihlberg et al., 1972) to

√
y + 3/8, and

a somewhat better one was developed by Freeman and Tukey
(1950)

√
y + √

y + 1. This last transformation has a variance
equal to one (plus or minus 6%) for an expected value of y

greater than one, and the two earlier transformations (Acton,
1959) stabilize to a variance of approximately 0.25.

In some instrumental method of analytical and physical
chemistry, the relative standard deviation of the measured vari-
able is constant (Meloun et al., 1992). This means that the stan-
dard deviation is proportional to the mean; then

s2
y = k2y2 [38]

φ(y) =
∫

dy√
k2y2

= 1

k
ln y [39]

So that ln y will have a constant variance k2 (and log y a constant
variance log2 e/k2). Probably the most common transformation
used in scientific research is the log transformation (Bolton,
2004). Data that are skewed to the right can be often shown
to have close to a log normal distribution (a log normal distri-
bution is a distribution that would be normal following a log
transformation). The log transformation is applicable in many
cases, especially when the range of observations covers sev-
eral order of magnitude (Rodriguez and Asuero, 1980; Asuero,
1978). The measurement of acidity by pH is an example of
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52 A. G. ASUERO AND J. M. BUENO

such a transformation in ordinary scientific work (Kennedy and
Neville, 1986).

Data involving radioactive decay, first order chemical kinet-
ics (Connors, 1990; de Levie, 2002), all follow an exponential
decay of the type y = a e−bt where t denotes time. In the phar-
maceutical sciences, the logarithmic transformation has partic-
ular applications in kinetic studies, when ascertaining stability
and pharmacokinetic parameters (Bolton, 2004). The log trans-
formation may be used when data are presented in the form of
ratios. Ratios are often used to express the comparative absorp-
tion of drug from two formulations based on the area under the
plasma level versus time curve from the bioavailability study.
However, it is important not to apply a transformation such as
the logarithmic form when one is not needed (Shumway et al.,
2002).

If the standard deviation is proportional to the square of the
mean value, so that

s2
y = k2y4 [40]

then

φ (y) =
∫

dy√
k2y4

= 1

k

∫
dy

y2
= − 1

k y
[41]

To summarize these three results, to obtain constant variance,
if σ 2 ∝ y we use

√
y, if σ 2 ∝ y2 we use ln x, and if σ 2 ∝

y4 we use 1/y. A further transformation, which has a strong
cedastis effect (variance stabilizing effect) and a normalizing
property, Y = tanh−1 x, was originally suggested by Fisher and
applied to the sample correlation coefficient to employ normal
theory testing (Herrador et al., 1987; González et al., 2006;
Sonnergaard, 2006).

Transforming to constant variance often has the additional
effect of making the disturbances behave more normally. This
is because a constant variance is necessarily independent of the
mean (and anything else, for that matter), and this independent
property is fundamental to the normal density (Bates and Watts,
2007).

An experiment which includes replications allows fur-
ther tests to be made on the appropriateness of assumptions
(Lavagnini and Magno, 2007; Asuero and Gonzalez, 1989;
Sayago and Asuero, 2004; Bates and Watts, 2007). For ex-
ample, even before an expectation function has been proposed
µ = E(y), it is possible to check the assumption of constant
variance by using an analysis of variance to get averages and
variances for each set of replications and plotting the variances
and standard deviations versus the averages. If the plots show
systematic relationships, then one can use a variance-stabilizing
procedure to transform to constant variance (Asuero and Gon-
zalez, 2007).

In particular (Draper and Smith, 1998; Bates and Watts, 2007;
Atkinson, 2003; Montgomery and Peck, 1982), if it is assumed
that σy is proportional to some power of µ so that

σ 2
y ∝ µ2 (1−λ) [42]

if the power law holds with λ < 1, large observations will have
large standard deviations rather than small observations. Taking
logarithms of the square root of both sides of this relationship
yields

log σy = c + (1 − λ) log µ [43]

If replicate observations are available, a plot of log-standard
deviation against log-mean will indicate whether the power law
holds (yλ for λ �= 0 and log y for λ = 0, as can also be deduced
by Taylor series expansion). Kleczkowski (1949) established
that a linear relation of the standard deviation of y to the mean
of y, with intercept −c at standard deviation y = 0, led to a
shifted log transformation log(y + c).

Experience has shown that normality is a reasonable as-
sumption in many cases. However, in some situations it is not
appropriate to assume normality; count data will frequently be-
have more like Poisson distributed random variables (Schwartz,
1978). Transformation of the dependent variable to a form that
is more nearly normally distributed is the usual recourse to non-
normality. Statistical theory says that such transformation exists
if the distribution of the original dependent variable is known.
Many of the common transformations (such as the arcsin, the
square root, the logarithmic, and the logistic transformation)
were developed for situations in which the random variables
were expected a priori to have specific non-normal distributions
(Rawlings et al., 1998).

In many cases, the sample data provide the only information
available for determining the appropriate normalizing transfor-
mation. The plots of the residuals may suggest transformations,
or several transformations might be tried and the one adopted
that most nearly satisfies the normality criteria. A picture is
worth a thousand words. This old saying emphasizes the impor-
tance of graphs at all stages of a statistical analysis (Chambers
et al., 1983; Buja and Tukey, 1991; Cook and Weisberg, 1994;
Cook and Weisberg, 1994).

The logit and the probit, although they are generally applied
to binomial data, will not stabilize the variance.

WEIGHTING TRANSFORMATION DATA
Noisy information is crucial to do any quantitative inter-

pretation of data (de Brauwere et al., 2007). Many examples
in analytical chemistry indicate that the variability of the re-
sponse often increases with the response level (Sayago and
Asuero, 2004; Asuero and Gonzalez, 2007; Meier and Zünd,
2000; Miller and Mille, 2005; Mullins, 2003; Baumann, 1997).
In such a situation, some remedial actions like transformation
or using weighted least squares regression must be done in
order to stabilize the variance of the response and, thus, hetero-
cedasticity can be accounted for (Asuero and Gonzalez, 2007;
Zorn et al., 1997). Experimental errors often are heterocedastics
(Asuero and Gonzalez, 2007; Steliopolous and Sticke, 2007);
sometimes we know that an instrument is noisier in one region
of its range than in another. In that case we can put more weight
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FITTING STRAIGHT LINES WITH REPLICATED OBSERVATIONS 53

on some of the data obtained in a different region (de Levie,
2001). In spite of this, up to now, the acceptance of weighted
least squares regression is quite low in routine laboratories.

Assigning weights to data requires that we know how much
(relative) weight to allow to each measurement (Sayago and
Asuero, 2004) and how to handle such individual weights or
weighting factors wi in an analysis. If we have sufficient repli-
cates of each observation, we might, e.g., assign each measure-
ment its proper individual weight, equal to the reciprocal of
its variance, wi = 1/s2

i (Asuero and Gonzalez, 1989; Asuero
and Gonzalez 1988; Miller, 1991). Unfortunately such informa-
tion is seldom available. Replicate measurements are often not
performed because they are too expensive (Sayago and Asuero,
2004; Asuero and Gonzalez, 2007; Mullins, 2003). Although the
use of m-replicates is considered in many experimental studies,
a careful analysis shows that the benefits of such a practice in
term of improving the precision of estimates may not be worth-
while without an analysis of its benefits (Singer et al., 2007).

Iterative methods based on the residuals are proven to be
more reliable, especially when the number of replicates is small
(Seber, 1977). Various weight schemes have been used to re-
move the heterogeneity of response variability: different type
of variance functions and methods for estimation of them have
been introduced (Asuero and Gonzalez, 2007; Tellinghuisen,
2008; Shumway et al., 1989; Wilson et al., 2004; Rocke and
Lorenzato, 1995; Rocke et al., 2003). An alternative method
uses an algorithm which starts from residuals and so it neces-
sitates a model to describe the data (de Brauwere et al., 2007).
Replicate data are desirable, but these should be used to de-
rive the data variance function, not to provide sample-variance
based weights. The weights are then calculated from the vari-
ance function (de Levie, 2000; Asuero and Gonzalez, 2007;
Tellinghuisen, 2008; Davidan and Haaland, 1990).

Least-squares parameters are normally correlated, and in the
calculation of statistical errors in functions of the parameters,
this correlation must be taken into account (Tellinghuisen, 2007;
Tellinghuisen, 2000).

There are many situations in experimental physical science
where data are transformed to facilitate analysis by linear regres-
sion (Asuero and Gonzalez, 2007; Tellinghuisen, 2000). Loga-
rithmic conversion is often used to render first order kinetics data
and thermodynamic temperature dependences into linear func-
tions of the independent variables (Tellinghuisen, 2000). Recip-
rocation is employed in a variety of situations including analysis
of equilibrium and binding constant data, enzyme kinetics, ad-
sorption isotherms, and fluorescence quenching (Tellinghuisen,
2000). In the pharmaceutical sciences, the logarithmic transfor-
mation has particular applications in kinetic studies, when as-
certaining stability and pharmacokinetics parameters (Bolton,
2004).

Frequently data are transformed before fitting, and if the
original data are normal, the transformed data may not be. In
particular, inversion and logarithm conversion yield biased, non-
Gaussian distributions, so least squares analysis of such data

yields biased, non-normally distributed parameters, even when
the transformed data are properly weighted in accord with the
transformation (Tellinghuisen, 2000). If we fit the transformed
data using least squares, we minimize the sum of the residuals
in Y rather than those iny. In some cases it may well be correct,
namely when the errors in y are relative ones, proportional to
the magnitude of the signaly. But when the experimental errors
are absolute, the resulting fit will overemphasize the tail end of
the data set (de Levie, 2001).

Rearranging a non-linear equation into a linear form and then
performing linear regression to fit the data is very common, i.e.,
Scatchard plot of binding data and the Lineweaver-Burk plot
of enzyme-kinetics. It is necessary to take into account that the
rearrangements involved also rearrange the error distribution
and so invalidate the assumptions behind the linear regression
technique (Ruppert et al., 1989). It has been recommended to
apply non-linear models to non-normal data rather than linear
models to non-normal (transformed) data (Tellinghuisen, 2000).

In this particular example, the transformation runs into ad-
ditional trouble when the signal decays to the baseline, because
the experimental noise will then make a number of observa-
tions negative, in which case we will not take the corresponding
logarithms (de Levie, 2000; de Levie, 2001).

Data involving radioactive decay, first order chemical kinet-
ics (Connors, 1990), or the electrical current following a step-
wise voltage change in a resistor-capacitor circuit all follow an
exponential decay of the type y = a e−btwhere t denotes time.
It is usual to rectify such an expression by taking (natural) log-
arithms, so that ln y = ln a − bt , which is the expression for
a straight line of ln y versus t . In general, upon transforming
the dependent parameter y into Ywhen the original indications
have normally distributed errors (Asuero and Gonzalez, 1989;
de Levie, 2004; de Levie, 2001; de Levie, 1986; de Levie, 2004)

wi = 1(
dY
dy

)2 [44]

If the system is both transformed and heterocedastic then the
products of the weights are applied; i.e., the global weight will
be (Asuero and Gonzalez, 2007; de Levie, 1986; Leatherbarrow,
1990; Hibbert, 2006) the product of the individual and the global
weights (Table 9)

wi = 1

s2
i

(
dY
dy

)2 [45]

There may be additional problems with a transformation
(Tellinghuisen, 2006). For example, when an exponential de-
cays to zero, the experimental data will be scattered around zero,
so that the same of them may be negative (we would bias the
result if we merely left out the logarithms of the negative data).

Most of these methods, because of the nature of the relevant
equations, do not fulfil one or more of the pre-requisites (for
instance normal error distribution, uncorrelated variables) to
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TABLE 9
Weighting Factors Associated with a Given Transformation

Transformation Weighting factor (*)

1/y y4σ 2
0 /σ 2

y

ln y y2σ 2
0 /σ 2

y

y2 σ 4
0 /
(
4y2σ 2

y

)
ey σ 2

0 /
(
e2yσ 2

y

)
Logit y y2 (1 − y)2 σ 2

0 /σ 2
y

∗ σ 2
0 , proportionality factor; i.e., the variance of a function of

unit weight (Asuero and Gonzalez, 2007).

be treated with ordinary least squares methods (Tellinghuisen,
2000; Tellinghuisen, 2006; Maccá, 1990). However, they can
still be very useful for preliminary screening of data and also
yield reliable results, if appropriately used (Maccá and Merkoci,
1994; Maccá, 1990).

TRANSFORMATION BASED ON SAMPLE DATA
OBSERVATIONS: BOX-COX METHOD

In many cases, the sample data provides the only information
available for determining the appropriate normalization trans-
formation. The plot of residuals may suggest transformation;
several transformations might be tried and the one adopted that
most nearly satisfies the normality criteria. Alternatively, an
empirical method of estimating the appropriate power transfor-
mation might be used (Box and Cox, 1964). A transformation
family is a collection of transformations that are indexed by one
or a few parameters that the analyst can select (Weisberg, 2005;
Chinn, 1996; Sakia, 1992). A useful family of transformation is
the following (Table 10)

T =
{

yλ, for λ �= 0
ln y, for λ = 0

[46]

This particular family, which was studied in detail by Tukey
(1957) for λ ≤ 1, contain the well-known log, square root, and
inverse transformations. There is a particular difficulty when
dealing with powers yλ, because as λ approaches zero, yλ ap-
proaches 1, thus lacking of sense the transformation (Draper and
Smith, 1998). In order to choose the best λ value to run smoothly
as λ approaches zero, Box and Cox (Box and Cox, 1964; Chinn,

TABLE 10
Values of Certain Power Functions for Transformations to

Stabilize Variances

λ yλ W = (yλ − 1)/λ V = (yλ − 1)/(λẏλ−1)

1 y y − 1 y − 1
0.5

√
y 2(

√
y − 1) 2

√
ẏ(

√
y − 1)

0 1(?) ln y ẏ ln y

−0.5 1/
√

y 2(1 − 1/
√

y) 2ẏ
√

ẏ(1 − 1/
√

y)
−1 y−1 2(1 − 1/

√
y) ẏ2(1 − 1/

√
y)

1996; Sakia, 1992; Peace, 1988; Schlesselman, 1971) perform
the calculations using no yλ, which is discontinuous at λ = 0,
but with either (Table 10)

W =
{(

yλ − 1
)
/λ, for λ �= 0

ln y, for λ = 0
[47]

which is essentially identical to Eq. [46] when the regression
model contains a constant term b0(Peace, 1988).

However, as early as 1903, Kapteyn (Kapteyn, 1903; Kapteyn
and van Uwen, 1916) had suggested essentially the same trans-
formation in his work on growth. A test of λ = 0(log y versus
x) is given by Sclove (1972). Eqs. [46] and [47] are equivalent
since the F statistics in the analysis of variance are invariant
under linear transformations (Malaeb, 1997).

It is better, however, to use (Table 10)

V =
{(

yλ − 1
)
/
(
λ ẏλ−1

)
, for λ �= 0

ẏ ln y, for λ = 0
[48]

being ẏ the geometric mean of the yi in the data set

ẏ = (y1 y2 · · · yk)1/k =
(∏

yi

)1/k

[49]

ẏ is a constant and it would be evaluated at the beginning of the
calculation procedure, usually by anti-loggin (exponentiating)
the formula

ln ẏ =
∑k

i=1 ln ẏi

k
[50]

A disadvantage of Eq. [47] is that, as λ varies, the sizes of the
W ′s can change enormously, leading to minor problems in the
analysis and requiring a special program to get the best λ value.
For that reason, it is preferable to use the alternative form Eq.
[48]. The additional divisor (ẏλ−1) in Eq. [48], compared with
Eq. [47], is the nth power of the appropriate Jacobian of the
transformation, which converts the set of yi into the set of Wi

(Mateu, 1997)

J (λ, y) =
k∏

i=1

∣∣∣∣∣ dy
(λ)
i

dyi

∣∣∣∣∣ =
k∏

i=1

yλ−1
i [51]

This ensures that unit volume is preserved in moving from the
set of yi into the set of Vi in Eq. [47].

In the same paper, Box and Cox (1964) also proposed a more
flexible family, an extender power or shifted power transforma-
tion, which could accommodate negative y ′s

y (λ) =
⎧⎨
⎩

(y + λ2)λ1 − 1

λ1
ifλ1 �= 0

log (y + λ2) ifλ1 = 0
[52]

In practice, we would choose λ2 such that y + λ2 > 0 for any
y. So, we could only view λ1 as a model parameter. Note that
if a shifted Box-Cox transformation is the variance stabilizing
transformation, then the variance of the untransformed scale
must be proportional to (mean + λ2)(1−λ1) (Chinn, 1996).
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FITTING STRAIGHT LINES WITH REPLICATED OBSERVATIONS 55

It is important to note that the range of y(λ) in Eqs. [47],
[48], and [51] is restricted according to whether λ is positive or
negative. This implies that the transformed value does not cover
the entire range (−∞, +∞) and, hence, their distributions are
of bounded support. Consequently, only approximate normality
is to be expected (Sakia, 1992).

The Box-Cox transformation has following properties
(Meloun et al., 1992):

1) The curves of transformation are monotonic and continuous
with respect to parameter λ because

yλ = eλ ln y ≈ 1 + λ ln y + 1

2
λ2 (ln y)2 + · · · [53]

and according to the l’Hospital’s rule (actually proved by
Johann Bernouilli)

lim
λ→0

(
yλ − 1

λ

)
= ln y [54]

Logarithms to any base (e.g., 10) can be used in this trans-
formation. The difference amounts only to a constant factor.
Also, scaled power transformations preserve the direction
of association, in the sense that if (y, z) are positively re-
lated, then (V, z) are positively related for all values of λ.
With basic power transformations, the direction of associa-
tion changes when λ < 0.

2) All transformation curves shape one point [V = 0, y = 1]
for all values of λ. The curves nearly coincide at points close
to [0, 1]; that is, they share a common tangent line at this
point (Fig. 9).

3) The power transformations with exponent -2, -3/2, -1, -1/2 o
1/2, 3/2, 2 have equal spacing between curves in the family
of Box-Cox transformation graphs.

-4

-2

0

2

0 1 2 3 4
y

(y
λ 
- 

1)
/ λ

FIG. 9. Box-Cox transformations for various valores of λ.
Graphs from stop to down corresponds to λ values of 1.5, 1,
0.5, 0, −0.5, and −1.

The idea underlying the Box and Cox method (Draper and
Smith, 1998) is that, if an appropriate λ could be found, an addi-
tive model with normally distributed, independent, and homoge-
neous error structure could be fitted by the maximum likelihood
method. However, in order to perform the procedure we do not
have to understand maximum likelihood, Bayesian statistics, or
the Jacobian. The necessary steps are as follows (Draper and
Smith, 1998).

Choose a value of λ from a selected range. Usually we look
at λ’s in the range (-1, 1) or perhaps even (-2, 2), at first, and
expand the range later if necessary. The selected range is usually
covered with about 11–21 values of λ. The interval may divided
up in additional portions if required later, which proves often to
be unnecessary.

Now fit and record the residual sum of squares for the re-
gression. Any ordinary least squares regression program can be
used for this calculation.

Plot either the residual sum of squares for the regression
S(λ,U ) versus λ or its logarithm ln S(λ,U ) versus λ, depending
on how big the numbers are (Draper and Smith, 1998; Rawlings
et al., 1998; Mager, 1991). Draw a smooth curve through the
plotted points, and find at what value of λ the lowest point of the
curve lies (λ̂). Maximizing the likelihood is equivalent to min-
imizing the residual sum of squares (Draper and Smith, 1998).
We do not need to know λ very precisely in subsequent calcu-
lations the nearest convenient value in the sequence, −2,−11/2,
−1, 1/2, 0, 1/2, 11/2, 2, . . . , is usually adequate, after first checking
that such a value lies within a selected confidence interval. We
then analyze the transformed data—transformed via whatever
value of λ was finally selected—and report the results.

A simple Box-Cox transformation reduces heterogeneity suf-
ficiently. Carroll and Ruppert (1988) suggested that an excess
of maximum over minimum standard deviation of 50% was
unimportant. Precise estimation requires robust methods be-
cause the variance function will be significantly affected by
outliers, which can be detected by applying graphical methods
as discussed by Atkinson (1985). The Box and Cox method
will also produce a confidence interval for the transformation
parameter. If α is a level of significance, a 100(1- α)% confi-
dence interval can be found for λ by calculating a critical sum
of squares SSc from

SSc = Smin (λ, z)

(
1 + t2

υ

(
α
/

2
)

υ

)
[55]

where Smin(λ, z) is the minimal residual sum of squares with
respect to λ, with the associated υdegrees of freedom and tυ is
the corresponding value from the t table (Rawlings et al., 1998)
with α/2 probability in each tail.

This Box-Cox transformation is less suitable if the confidence
interval for λ is too wide, and if the sample size is small then
the confidence interval for the parameter will be wide. When
the value λ = 1 is also covered by this confidence interval, the
transformation is not efficient.
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FITTING STRAIGHT LINES WITH REPLICATED OBSERVATIONS 57

The Box-Cox transformation linearizes a regression rela-
tionship directly via a power transformation to the dependent
variable y as shown (Xu and Hee, 2006)

z = yλ − 1

λ
= b0 + b1 x [56]

Rearranging Eq. [56]

z′ = yλ = b′
0 + b′

1 x [57]

where

b′
0 = λ b0 + 1 [58]

b′ = λ b [59]

and

z′ = z λ + 1 [60]

Once the optimal λ was found, Eq. [60] was used to plot z′(= yλ)
versus x.

The Box-Cox method is not transforming for linearity, but
rather it is transforming for normality; λ is chosen to make
the residuals from the regression of W (y, λ) on y as close to
normally distributed as possible. Hinkley (1975) stated that the
distribution of the transformed variable is normal only if λ is
zero or if λ−1 is an integer. Hernandez and Johnson (1980) point
out that “as close as normal possible” need not be very close
to normal, and so graphical checks are desirable after selecting
a transformation; the distribution of the transformed variable is
actually normal only in the log normal case. Draper and Cox
(1969) showed that “this family of transformations can be useful
even in situations where no power transformation can produce
normality exactly.”

The Box-Cox transformation is only appropriate for pos-
itive data (Cressie, 1978). Various modifications to the Box-
Cox transformation have been proposed (Hinkley, 1975; Manly,
1976; John and Draper, 1980; Yeo and Johnson, 2000; Bickel
and Doksum, 1981), some of which are designed to achieve
heterogeneity simultaneously with normality. Hinkley (1975),
Manly (1976), John and Draper (1980), and Yeo and Johnson
(2000) proposed alternative families of transformations (Table
11) that can be used to compensate the restrictions on y, to
obtain an approximate symmetry or to make the distribution
normal (Chen et al., 2004). However, these modifications are at
expense of simplicity, and may be unnecessary in practical ap-
plications. A simple variance-stabilizing transformation should
be sought first (Rocke et al., 2003).

The parameter of a transformation, e.g., λ, can be selected
through a trial and error approach until good normal probability
plots are obtained, through optimization based on maximum
likelihood estimation or Bayesian estimation (Draper and Smith,
1998; Rawlings et al., 1998), likelihood ratio test, or the use of
M-estimators, etc. Draper and Hunter (1969) discussed other
criteria for transformation selection and, in particular, proposed
the minimization of a statistic F1, as the appropriate criterion
for the choice of a variance-stabilizing transformation. The F1

statistics are the F ratio of the between subject (or between
groups) to within subject (or within group) mean squares of the
absolute residuals.

It is often more useful to apply transformations of predictor
(model input) variables, along with the transformations of the
dependent (model output) variables. Box and Tidwell (1962)
provides an iterative procedure to estimate appropriate transfor-
mations of the original model inputs. Atkinson and Riari (1997)
discussed different models and reasons for what transformations
of predictor variables can be applied.

It should also be noted that applying the existing transfor-
mation techniques may have little effect if the values of the
response are far from zero and the scatter in the observation is
relatively small; in other words, the ratio of the largest to small-
est observation should not be close to one (Atkinson, 1973).

Computer programs have been devised to apply the Box-Cox
transformation technique (Huang et al., 1978; Chang, 1977).
Some statistical packages include graphical tools that can help
on select power transformations of both the predictor and the
response. A program has been provided by Rode and Chinchilli
(MULTBXX) which conducts a multivariate Box-Cox transfor-
mation (Rode and Chinchilli, 1988), of which the uni-variate
version is a special case. Some statistical packages include
graphical tools that can help you to select power transforma-
tions of both the predictor and the response (Weisberg, 2005;
Malaeb, 1997).

RE-EXPRESSION OF THE STATISTICAL MEASUREMENTS
AFTER DATA TRANSFORMATIONS

After an appropriate transformation of the original data y

has been found, such that the transformed data give an approxi-
mately normal symmetrical distribution with constant variance,
the statistical measurements of location and spread for the trans-
formed data z are calculated. These include the sample mean z̄,
the sample variance s2

z , and the confidence interval of the mean

z̄ ± t1−α/2 (n − 1) sz/
√

k [61]

These estimates must then be re-calculated for the original data
y. Two different approaches to the re-expression of the statistics
for transformed data can be used without difficulty (Meloun et
al., 1992; Meloun et al., 2000).

Rough re-expression is represented by a single reverse trans-
formation ȳR = g−1(z). This re-expression for a simple powder
transformation leads to the general re-expressed mean

ȳR = ȳλ =
( ∑k

i=1 yλ
i

k

)1/λ

[62]

where for λ = 0, ln y is used instead of y1/λ.
More correct re-expressions are based on the Taylor se-

ries expansions of the function z = g(y) in a neighborhood
of the value z̄. The re-expressed mean ȳR is then given by
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58 A. G. ASUERO AND J. M. BUENO

(Meloun et al., 1992; Meloun et al., 2000)

ȳR ≈ g−1

{
z̄ − 1

2

d2g(y)

dy2

(
dg(y)

dy

)−2

s2
z

}
[63]

The variance is then expressed as

s2
ȳR

=
(

dg(y)

dy

)−2

s2
z [64]

where individual derivatives are calculated at the point y = ȳR .
The 100 (1−α) % confidence interval of the re-expressed mean
for the original data may be defined as (Meloun et al., 1992;
Meloun et al., 2000)

ȳR − IL ≤ µ ≤ ȳR + IU [65]

where

IL = g−1

[
z̄ + G − t1−α/2 (n − 1)

sz√
n

]
[66]

IU = g−1

[
z̄ + G + t1−α/2 (n − 1)

sz√
n

]
[67]

and

G = −1

2

d2g(y)

dy2

(
dg(y)

dy

)−2

s2
z [68]

On the basis of the (known) actual transformation z = g(y)
and the estimates z̄, s2

z , it is easy to calculate the re-expressed
estimates ȳR and s2

ȳR
:

For a logarithmic transformation (when λ = 0) and g(y) =
ln y the re-expressed mean and variance are calculated by
(Meloun et al., 1992; Meloun et al., 2000)

ȳR ≈ exp
(
z̄ + 0.5 s2

z

)
[69]

and

s2
ȳR

= ȳ2
R s2

z [70]

-For λ �= 0 and the Box-Cox transformation, the re-expressed
mean ȳR will be represented by one of the two roots of the
quadratic equation (Meloun et al., 1992; Meloun et al., 2000)

ȳR,1,2 = 1

2

(
1 + λz̄ ±

√
1 + 2λ

(
z̄ + s2

z

)+ λ2
(
z̄2 − 2s2

z

))1/λ

[71]

which is closest to the median ỹ0.5 = g−1(z̃0.5). If ȳR is known,
the corresponding variance may be calculated from

s2
y = ȳ

2(1−λ)
R s2

z [72]

APPLICATIONS
A survey of the analytical applications of the use of transfor-

mations in linear regression is given in Table 12. Hyperbolic,
sigmoidal, and exponential decay curves may be transformed

into a quasi-linear form of a simple regression equation. Bind-
ing and complexation processes are of great interest in many
areas of research and are studied by a variety of experimen-
tal methods. Examples of logistic transformations as well as
Box-Cox transformations are also included in the table. The
analytical, pharmaceutical, biochemical, and clinical literature
has been thoroughly revised.

CONCLUDING REMARKS
Topics in chemometrics have been treated in this journal, i.e.,

introductory references and references (Brown and Bear, 1993;
Rusling, 1989; Lochmüller and Reese, 1998; Kubista et al.,
1999). The use of transformations, however, has been consid-
ered in the present paper in detail. The aim of the transformation
of response and or stimulus variables might be to restore linear-
ity of the relationship (Meloun and Militky, 1994), but it may
be also intended to stabilize the variance or to yield normally
distributed residual errors. An added benefit of the transforma-
tion approach is that sometimes it can remove heterogeneous
variance (Natrella, 1963). In practice, however, we usually can-
not obtain one simple transformation which satisfies a number
of different criteria (Draper and Hunter, 1969; Bartlett, 1947).
Sometimes such simple transformations (a logarithmic a power,
or a root) are variously supported by a general scientific the-
ory or by some plausible distributional assumptions, or may
be merely indicated empirically by plotting the data (Weisberg,
2005; AMC, 1994). Of course the transformed data should be
checked for model inadequacies before proceeding.

Most authors have been concerned about transformations
of the response. In contrast, transformation diagnostics for ex-
planatory variables have been studied to a lesser degree. Not
every data set should be transformed (Box and Draper, 1987).
We may require that the distribution be strongly skewed (i.e.,
clearly in need of transformation). In addition, transformation
will generally be successful only when the data set spans at least
two orders of magnitude (Weisberg, 2005). One of the problems
of transforming the response, and thereby of the model, is that
the results from statistical analysis will be on a scale or metric
different from the scale of original measurements (Andersen
et al., 1999). In the words of Tukey (1977), “We now regard
re-expression as a tool, something to let us do a better job of
grasping data.”

The ratio of skewness to its standard error can be read roughly
as a standardized score from a normal distribution (i.e., absolute
values exceeding 3 are unusual). The ratio of kurtosis to its
standard error can be used as a normal score. A ratio less than
3 indicates shorter tails than a normal distribution (Aknazarova
and Kafarov, 1982).

Box and Cox (1964) provided another general method for
selecting transformations of the response that is applicable both
in simple and multiple regression (Lee et al., 1999; Li and Moor,
2002). Since the seminal paper by Box and Cox in 1964, the Box-
Cox type of power transformations has inspired a large amount
of research on its applicability as well as on the drawback arising
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FITTING STRAIGHT LINES WITH REPLICATED OBSERVATIONS 59

TABLE 12
Some Selected Applications of Transformations

Comments Ref.

A theoretical model to fit the four-parameter equation in logit-log applied in RIA analysis is
presented

Diez Montoro et al.,
2007

Bilogarithmic hyperbolic cosine method applied to mole ratio data Boccio et al., 2007
A logistic regression model based on dose, solubility, and permeability of compounds is

developed to predict the food effect on AUC (area under the curve of time-plasma
concentration profile)

Gu et al., 2007

The thyroid gland decision-making system developed through the logistic regression is an
excellent system demonstrated 98.7% accurate by the classification table

Kim and Yoon, 2007

Logistic regression was used to determine whether the probabilities of cell survival and
electroporation depend on experimental conditions and cell properties

Agarwal et al., 2007

A global logistic model was used to study the effects of both quantitative variables (NaCl,
acid, and potassium sulfate concentrations) and dummy variables (laboratory medium or
brine, and citric, lactic, or acetic acids) on growth of Saccharomyces cerevisiae

López et al., 2007

Alternative method to the Arrhenius equation for termogravimetric analysis based on a
logistic mixture model

Naya et al., 2006

Kinetics modeling applied to predict the stability of cholecystokinin fragment CCK-4 in
aqueous solution

Oliva et al., 2006

Decimal logistic transformation to the sigmoidal calibration curve of ion-selective bulk
optodes, for the determination of cations based on ionophore-chromoionophore chemistry

Capitan-Vallvey et al.,
2006

Short-term exposure data measurements of food micotoxin ochratoxin A (OTA) transformed
through two-parameter Box-Cox transformation

Counil et al., 2006

Log-log transformation without weighting is the simplest model to fit the calibration data for
the determination of piperaquine (PC) in urine

Singtoroj et al., 2006

Decimal logistic transformation to the sigmoidal calibration curve of ion-selective bulk
optodes, for the determination of anions based on hydrophobic membranes containing
neutral ionophore and chromoionofore

Capitan-Vallvey et al.,
2006

A bi-logarithmic transformation to evaluate stability constants from continuous variation data Sayago and Asuero,
2006

A bi-logarithmic transformation method to evaluate stability constants from mole ratio data Boccio et al., 2006
Linear model of y0.8 (from Box-Cox power transformation) versus di-n-octildisulphide

(DOD) concentration showed negligible bias from 1.51 to 75.5 mg/L
Xu and Hee, 2006

A bi-logarithmic transformation to evaluate overlapping acidity constants via
spectrophotometric measurements

Fernández-Recamales
et al., 2006

The Box-Cox transformation applied to soil data improves sample symmetry and stabilizes
spread; the logarithmic plot of a profile likelihood function enables the optimum
transformation parameter to be found

Meloun et al., 2005

Different methods are used, i.e., Box-Cox transformation, which are known to be able to deal
with non-linearities present in data

Dieterle et al., 2004

The minimum detectable value (MDV) of polychlorinated biphenyls (PBCs) is assessed by
linearizing the calibration graph using the transformation y∗ = yp and y∗ = a + bx, the p
parameter being determined iteratively

Van Loco et al., 2003

Models generated when dealing with first order kinetic to profile the degradation of
pest-control compounds in soil does not support the broad use of logarithmic
transformation to stabilize the variance

Herman and Scherer,
2003

It is necessary to transform both sides of the model, because of the nature of the relationship
between the response and the mechanistic model, in order to achieve symmetry and
constant variance

Atkinson, 2003

Box-Cox transformation improves a sample symmetry in the mean value of 17-hydroxy
pregnenolone in the umbilical blood of newborns

Meloun et al., 2003

(Continued on next page)
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60 A. G. ASUERO AND J. M. BUENO

TABLE 12
Some Selected Applications of Transformations (Continued)

Comments Ref.

A new approach to choosing the righ calibration model in introduced based on the well known
DoE (Design of Experiments) methodology, including as one of its variables the Box-Cox
transformation

Flaten and Walmsley,
2003

Opacing data, coupled with literature reports on phlebitis occurrence, were used to generate a
logistic regression that indicates the probability of phlebitis given an opacity value
measured by the apparatus

Johnson et al., 2003

In estimating mean water quality concentrations with detection limits, robustness is improved
by searching a class of power transformations (Box-Cox) for the best approximating
normal distribution

Shumway et al., 2002

In order to describe the relationship between the responses y and the concentration x, a
transformation of data

√
x − √

ywas carried out and a weighted regression model 1/xλ was
chosen (λ = 1.278) for the determination of sotalol in human plasma

Chiap et al., 2001

Bias in fitting reciprocal data to a linear model and linear fitting of logarithmic transformed
data: Montecarlo method

Tellinghuisen, 2001

Determination of 17-hydroxypregnenolone in umbilical blood of newborns Meloun et al., 2001
The logistic analysis showed that the nicotine concentration was a significant predictor of

reduction in craving during the free-smoking period
Gomeni et al., 2001

Heckel model provides a method for transforming a parametric view of the force and
displacement signal to a linear relationship for purely plastic materials

Krumme et al., 2000

Influence of the calculated indices on the observed clinical efficacy of ciprofloxacin; the
results prove that log-transformation of the independent variable improves the data fitting to
linear model

Sánchez-Recio et al.,
2000

Literature data, reporting the kinetic reaction rate order of the termal denaturation of
β-lactoglobulin (β-lg), were reviewed using two statistical approaches including R2 and the
Box-Cox transformation

Jaskulka et al., 2000

The retention times in ion-interaction chromatography for the simultaneous separation of
aromatic sulphonates; results shown not to be homogeneously distributed in the variable
domain, the problem being solved by using the Box-Cox transformation

Marengo et al., 2000

An easy generalization to general linear model prediction is another main advantage of the
Box-Cox transformation for prediction

Yang, 1999

Determination of 3,5,6,-trichloro-2-pyridinol (3,5,6-TCP) in human urine, by using a standard
curve constructed by linear regression after performing a ln/logit data transformation of the
concentration and the absorbance readings, respectively

Shackelford et al. 1999

Box-Cox transformation and power-of-the-mean modeling of the variance in analysis of
standardized toxicity studies

Andersen et al., 1999

Appropriateness of using ordinary least squares on log-transformed data when one discuss
statistical parameter estimation in the Arrhenius equation, which relates kinetics reaction
rate to temperature

Sundberg, 1998

Investigation of the variability of optimal power models in contrast to common regression
models within and between analytical methods

Kimanani and Lavigne,
1998

Box-Cox-type power transformation method is proposed as an objective criteria to fit and
cross-validate bioanalytical calibration curves

Kimanani, 1998

Box-Cox and link function transformation can assist in the determination of reaction orders in
pharmaceutical studies

Mälkki-Laine and
Valkeila, 1998

A method for transforming data (Box-Cox) so that the assumption of ANOVA are met (or
violated to a lesser degree) and apply it in analysis of data from a physiology experiment

Peltier et al., 1998

The log-transformation strongly changes the distribution of errors and the originally
homocedastic observation vector according to the Arrhenius equation becomes strongly
heterocedastic

Klicka and Kubácek,
1997

(Continued on next page)
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FITTING STRAIGHT LINES WITH REPLICATED OBSERVATIONS 61

TABLE 12
Some Selected Applications of Transformations (Continued)

Comments Ref.

A computer program written in SAS code for the Box-Cox family of power
transformations is presented. The purpose of the program is to suggest a power
transformation for the positive continuous response variables in only regression and
analysis of variance (ANOVA) models

Malaeb, 1997

Basic and Box-Cox transformations are the suggested methods to achieve normal
variables. An application related to environmental data with atmospheric parameters and
SO2 and particle concentrations is developed

Mateu, 1997

First-order kinetic data for the persulfate-iodide reaction Hemalatha and
Noorbatcha, 1997

A first-order model was selected to represent quality deterioration kinetics from a
variance-stabilizing characteristics of a logarithmic transformation (Arrhenius equation)

Vankerschaver et al.,
1996

Retention data in micellar-reverse-phase liquid chromatography fitted after linearization by
using sensitivity weights

Garcı́a-Alvarez-Coque
et al., 1996

HPLC method bilogarithmic transformation to define the calibration model and deal with
the heterocedasticity of methotrexate peak area

Cociglio et al., 1995

Exponential decay with random errors added to the points Logan, 1995.
Variance-stabilizing transformation applied to the penetration data in vitro skin penetration

studies followed by outlier testing
Kasting et al., 1994

Calibration graphs constructed by applying linear regression on the logarithmic
transformed data of peak-heights ratio analyte/internal standard and the amount of
analyte; HPLC method for the quantification of cocuronium and its putative metabolites
in biological samples

Kleef et al., 1993

Isotope dilution mass spectrometry hyperbolic calibration graph obtained by plotting
peak-area ratio against the ratio of the amount of unlabelled compound to that of
labelled compound, part of which may be linearized

Sabot and Pinatel, 1993

Logistic function is proposed to model the capacity factor (k′) as a function of pH in HPLC de Aguilar et al., 1993
The non-linear four-parameter logistic model may be linearized if β1 and β2 are assumed

known; the transformation to linearity may induce heterocedasticity in the error response
O’Connell et al., 1993

Margules and Van Laar equation parameters are calculated, using several different
linearization methods

Shacham and Wisniak,
1993

Methods to linearize atomic absorption spectrometry (AAS) calibration curves, based on a
mathematical transformation of the absorbance and a correction for stray light are
evaluated

Wang et al., 1992

A bilogarithmic transformation to evaluate overlapping acidity constants from
potentiometric data

Asuero, 1992

Linear regression after suitable non-linear transformation applied to Arrhenius equation
and other approaches

Ebel et al., 1991

Transformation involving the normalization of the dependent variable peak height or peak
area ratio, y, and the plasma drug content

McLean et al., 1990

Linearized models, such as the Scatchard plot, of y/x versus y and the double reciprocal
linearization, are applied to the Langmuir isotherm comparing results obtained with the
NLR method

Harrison and katti,
1990

Bi-logarithmic hyperbolic cosine method for determining acidity constants of amphoteric
substances from solubility measurements

Asuero, 1989

A flexible model that can be used to determine the proper transformation and choice of
weight, illustrated by examples, is proposed

Ruppert et al., 1989

Recommendation as plotting procedure log |S − a/ (bc)| vs. log c, where an analytical
signal S is expected to vary linearly with concentration c (S = a + b c)

Johnson, 1988; Welch
et al., 1988

(Continued on next page)
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62 A. G. ASUERO AND J. M. BUENO

TABLE 12
Some Selected Applications of Transformations (Continued)

Comments Ref.

Equations expressing the mass ratio of natural to labeled material in the sample in terms of
the isotope peak intensities, the calibration graph being described as either a straight line
or a curve

Sabot et al., 1988

Comparison of six commercially available curve-fitting algorithms for calibration in flame
atomic absorption spectrometry (FAAS)

Bysouth and Tyson,
1986

Bilogarithmic method for the spectrophotometric determination of overlapping acidity
constants

Asuero et al., 1986
Asuero et al., 1986

Representation of most extended calibration data by using log-log plot of absorbance
concentration for compactness and ease in reviewing data

Miller-Ihli et al., 1984

Weighted vs. unweighted logit-log radioimmunoassay data reduction Fischer and Rodbard,
1983

Three linearization methods are presented for determining the parameters of a first-order
kinetic decay superposed on a finite sum of power terms (three general line-lag
linearization procedures)

Schwartz, 1981

Calculator program for weighted logit-log Radioimmunoassay data McDonald, 1981
A program WRANL for the analysis of immunoassays which have a logistic dose-response

relationship is described, iteratively regression analysis being used to obtain log
dose-logit response lines for all preparations compared in an assay

Das and Tydeman, 1980

Statistical quality control system for linearized dose-response curve modeled after the
suggestions of Rodbard

Cernosek., and
Gutierrez-Cernosek
1978

Fortran IV program written to perform the transformation of variables and to determine, by
the method of maximizing the likelihood function suggested by Box and Cox, the
transformation parameters, and thus the appropriate functional form

Huang et al., 1978;
Chang, 1977.

The four-parameter logistic function provides an empirical description of the
dose/response curve by use of an objective lest-squares regression analysis (with the
advantages of computerization and automation)

Rodbard and McClean,
1977

Arrhenius linearized equation: statistical analysis of the enthalpy-entropy compensation
effect

Krug et al., 1976

Improved method of logit-log curve fitting, by adjusting end-point parameters in
radioimmunoassay studies

Hatch et al., 1976

The relative merits of a number of methods available for the graphical display of
radioimmunoassay dose-response curves (for curve fitting and dose interpolation) are
discussed; e.g., log transformation of the dose axis, and logit (B/B0) vs. log dose

Rodbard, 1974

Reviews of the reason for transforming data, the ways of developing a suitable
transformation, and the various transformations found in the literature

Hoyle, 1973

A logarithmic method is described for the calculation of the transport parameters, Km and
Vmax, of a biological system obeying Michaelis-Menten kinetics

Barber et al., 1967

Study of linear transformations derived from Michaelis-Menten Dowd and Riggs, 1965
Chymotripin-catalysed hydrolysis of methyl hippurate Elmore et al., 1963

from it use; a great deal of interest was generated, both in theo-
retical work and in practical applications (Mateu, 1997; Chinn,
1996; Sakia, 1992; Andersen et al., 1999).

The Box-Cox data transformation is a simple method that
can enable analysis of heterocedastic data sets so that the as-
sumptions of the analysis of variance may be satisfied better,
especially when other transformation procedures fail. Although

the Box-Cox procedure could be less robust in the presence of
outliers and could, after all, induce a mean bias (Logothetis,
1990), this technique has many advantages that should always
kept in mind: i) it makes full use of the information provided in
the available data; ii) it assures that the simplicity and normality
of the model are valid assumptions; iii) it can provide reliable
and shorter confidence intervals for λ; and iv) it can deal with
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FITTING STRAIGHT LINES WITH REPLICATED OBSERVATIONS 63

cases with no replication in each cell (Box and Meyer, 1986).
Zarembka (1974), however, has indicated that the procedure is
not robust with respect to heterocedasticity.

Transforming the data is sometimes felt to be a trick used
by statisticians, a belief that is based on the idea that the nat-
ural scale of measurement is in some way sacrosanct (Altman,
1991). This is not the case, and indeed some measurements,
i.e., pH , are effectively already log transformed values. Much
of the statistical literature on transformations concentrates on
transformation to normality rather than on variance-stabilizing
transformation, despite the greater importance of the assump-
tion of the homogeneity of variance than that of normality for
analysis of variance.

The distribution of the random errors, ei , is changed by any
non-linear transformation of the y (Bates and Watts, 2007; Se-
ber, 1977). We will often inspect the “empirical cumulative
distribution of the residuals” to see whether y or its transform
appears more nearly normal. If the transformation of y chosen
for physical or algebraic reasons produces wide changes in the
residuals when they are plotted against the fitted-y values, we
may want to make some guess about how the variance of y is
changing with µ or with some guess (Asuero and Gonzalez,
2007; Baumann, 1997; Tellinghuisen, 2008; Davidian and Haa-
land, 1990). If regression with equal weight is applied to trans-
formed data as is often done, the results may be different from
the intention, but this does not deny the intention.

The importance of transformation stems from the various
limitations of non-linear approaches (Mager, 1991). Fortunately,
the resulting bias after re-transformation (rectification) of the
estimators is often negligible, compared to the experimental un-
certainty of the data and in many cases, the consequences are
less dangerous than the problems from employing non-linear
regression models. As many theoretical questions of non-linear
regression are unsolved up to now, the old technique of lineariz-
ing transformations should again be made the center of inter-
est (Mager, 1991). In most cases, the transformations should
be considered as a first approach in analyzing the data, while
non-linear regression should be applied to the final stage of data
analysis. Fitting the Michaelis-Menten equation (and extensions
thereof) provides an interesting example of the limitations of
both graphical methods and analytical methods based on data
transformation (Nelder, 1991; Ruppert, 1991; Jurs, 1986).

The analysis of best transformation helps to avoid an un-
thinking automatic use of computer packages, according to the
golden rule of data analysis, “keep in touch with your own data”
(Mager, 1991).
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Klicka, R.; Kubácek, L. Statistical properties of linearization of the Ar-
rhenius equation via the logarithmic transformation. Chemometrics
and Intelligent Laboratory Systems 1997, 39(1), 69–75.

Krug, R. R.; Hunter, W. G.; Grieger, R. A. Enthalpy-entropy compen-
sation! Some fundamental statistical problems associated with the

D
ow

nl
oa

de
d 

by
 [

Po
nt

if
ic

ia
 U

ni
ve

rs
id

ad
 J

av
er

ia
] 

at
 1

8:
14

 2
3 

A
ug

us
t 2

01
1 



FITTING STRAIGHT LINES WITH REPLICATED OBSERVATIONS 67

analysis of Vant’t Hoff and Arrhenius data. The Journal of Physical
Chemistry 1976, 80(21), 2335–2341.
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Maccá, C. Gran plots and rigorous linear plots for weak acids titration:
the “chemical” rationale. Fresenius Journal of Analytical Chemistry
1990, 336(1), 29–35.

Mage, D. T.; An objective graphical method for testing normal dis-
tributions using probability plots. The American Statistician 1982,
36(2), 116–120.

Mager, P. P. Design Statistics in Pharmacochemistry (Wiley, New York,
1991), 20–44.

Malaeb, Z. A. A SAS code to correct for non-normality and non-
constant variance in regression and ANOVA models using the Box-
Cox method of power transformation. Environmental Monitoring
and Assessment 1997, 47(3), 255–273.

Mandel, J. The Statistical Analysis of Experimental Data (Wiley-
Interscience, New York, 1964).

Mandel, J.; Models, transformation of scale, and weighting. Journal of
Quality Technology 1976, 8(2), 86–97.

Manly, B. F. J. Exponential data transformations. The Statistician 1976,
25(1), 37–42.

Marengo, E.; Gennaro, M. C.; Gianotti, V. Chemometrically as-
sisted simultaneous separation of 21 aromatic sulfonates in
ion-interaction RP-HPLC. Chemometrics and Intelligent Labora-
tory Systems 2000, 53(1–2), 57–67.

Mateu, J. Methods of assessing and achieving normality applied to
environmental data. Environmental Management 1997, 21(5), 766–
777.

McDonald, M. Calculator program for weighted logit-log radioim-
munoassay data reduction. Clinical Chemistry 1981, 27(11), 1946.

McLean, A. M.; Ruggirello, D. A.; Banfield, C.; Gonzalez, M. A.;
Bialer, M. Application of a variance-stabilizing transformation ap-
proach to linear regression of calibration lines. Journal of Pharma-
ceutical Sciences 1990, 79(11), 1005–1008.

Meier, P. C.; Zünd, R. E. Statistical Methods in Analytical Chemistry
(Wiley, New York, 2000), 129–131.

Meites, L. Some new techniques for the analysis and interpretation of
chemical data. Critical Reviews in Analytical Chemistry 1979, 8(1),
1–53.

Meloun, M.; Hill, M.; Militky, J.; Kupka, K. Analysis of large and
small samples of biochemical and clinical data. Clinical Chemistry
and Laboratory Medicine 2001, 39(3), 53–61.

Meloun, M.; Hill, M.; Militky, J.; Kupka, K. Assessment of the mean-
value of 17-hydroxypregnenolone in the umbilical blood of new-
borns by the exploratory analysis of biochemical data. Computer
Methods and Programs in Biomedicine 2003, 70(3), 187–197.

Meloun, M.; Hill, M.; Militky, J.; Kupka, K. Transformation in the PC-
aided biochemical data analysis. Clinical Chemistry and Laboratory
Medicine 2000, 38(6), 553–559.

Meloun, M.; Militki, J.; Computer-assisted data treatment in analyti-
cal chemometrics.IV. Classical estimates of parameters of location,
scale, and shape. Chemical Papers 1995, 49(1), 68–73.

Meloun, M.; Militky, J. Computer assisted data treatment in analyt-
ical chemometrics. 3. Data transformation. Chemical Papers 48
(1994):164–169.

Meloun, M.; Militky, J.; Forina, M. Chemometrics for Analytical Chem-
istry, Vol. 1: PC-Aided Statistical Data Analysis (Ellis Horwood,
New York, 1992), 71–77.

Meloun, M.; Sanka, M.; Nemec, P.; Kritkova, S.; Kupka, K. The anal-
ysis of soil cores polluted with certain metals using the Box-Cox
transformation. Environmental Pollution 2005, 137(2), 273–280.

Miller, J. N. Basic statistical methods for analytical chemistry. Part 2.
Calibration and regression methods. A review. Analyst 1991, 116(1),
3–14.

Miller, J. N.; Miller, J. C. Statistics and Chemometrics for Analytical
Chemistry, 5th ed. (Ellis Horwood, Essex, 2005).

Miller-Ihli, N. J.; O’Haver, T. C.; Harnly, J. M. Calibration and curve
fitting for extended range AAS. Spectrochimica Acta 39B (2–3)
(1984):1603–1614.

Montgomery, D. C.; Peck, E. A. Introduction to Linear Regression
Analysis (Wiley, New York, 1982).

Moors, J. J. A. The meaning of kurtosis: Darlington re-examined. The
American Statistician 1986, 40(4), 283–284.

Mosteler, R.; Tukey, J. W. Data Analysis and Regression: A second
course in statistics (Addison-Wesley, Reading, MA, 1977).

Mosteller, F.; Youtz, C. Tables of the Freeman-Tukey transformations
for the binomial and Poisson distribution. Biometrika 1961, 48(3–4),
433–440.

Mullins, E. Statistics for the Quality Control Laboratory (RSC, Cam-
bridge, 2003).

D
ow

nl
oa

de
d 

by
 [

Po
nt

if
ic

ia
 U

ni
ve

rs
id

ad
 J

av
er

ia
] 

at
 1

8:
14

 2
3 

A
ug

us
t 2

01
1 



68 A. G. ASUERO AND J. M. BUENO

Mälkki-Laine, L.; Valkeila, E. Application of regression transforma-
tions to the determination of reaction orders in stability studies.
International Journal of Pharmaceutics 1998, 161(1), 29–35.

Natrella, M. G.; The use of transformations, Experimental Statistics,
National Bureau of Standards Handbook 91 (NBS, Washington, DC,
1963), Chapter 20, 20-1 to 20-13.

Naya, S.; Cao, R.; I. L. de Ullibarri, Artiaga, R.; Barbadillo, F.; Garcı́a,
A. Logistic mixture model versus Arrhenius for kinetic study of ma-
terial degradation by dynamic thermogravimetric analysis. Journal
of Chemometrics 2006, 20(3–4), 158–163.

Nelder, J. A. Generalized linear models for enzyme-kinetic data. Bio-
metrics 1991, 47(4), 1605–1615.

Neter, J.; Kutner, M.; Nachtshiau, C.; Wasserman, W. Applied Linear
Statistical Models (Richard Irwing, D.; Chicago, IL, 1996).

Norman, S.; Maeder, M.; Model-based analysis for kinetic and equilib-
rium investigations. Critical Reviews in Analytical Chemistry 2006,
36(3–4), 199–209.

O’Connell, M. A.; Belanger, B. A.; Haaland, P. D. Calibration and assay
development using the four parameter logistic model. Chemometrics
and Intelligent Laboratory Systems 1993, 20(2), 97–114.

Oliva, A.; Llabrés, M.; Fariña, J. B. Data analysis of kinetic modeling
used in drug stability studies: Isothermal versus nonisothermal assay.
Pharmaceutical Research 2006, 23(11), 2595–2602.

Ott, W. R. Environmental Statistics and Data Analysis (Lewis Publish-
ers CRC Press, Boca Raton, FL, 1995).

Peace, K. E. Biopharmaceutical Statistics for Drug Development (Mar-
cel Dekker, New York, 1988), 357–359.

Peltier, M. R.; Wilcos, C. J.; Sharp, D. C. Technical note: Application
of the Box-Cox data transformation to animal science experiments.
Journal of Animal Science 1998, 76(3), 847–849.

Petersen, P. H. Analytical quality specification for measurements re-
ported on an ordinal scale. Accreditation and Quality Assurance
1999, 4(9–10), 406–409.

Petersen, P. H.; Sandberg, S.; Fraser, C. G.; Goldschmidt, H. A model
for setting analytical quality specifications and design of control
for measurements on the ordinate scale. Clinical Chemistry and
Laboratory Medicine 2000, 38(6), 545–551.
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